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Abstract. Consider two domains connected by a thin tube: it can be shown that, generically, 
the mass of a given eigenfunction of the Dirichlct Laplacian concentrates in only one of them. 
The restriction to the other domain, when suitably normalized, develops a singularity at the 
junction of the tube, as the channel section tends to zero. Our main result states that, under 
a nondegeneracy condition, the normalized limiting profile has a singularity of order — 1, 
where N is the space dimension. We give a precise description of the asymptotic behavior of 
eigenfunctions at the singular junction, which provides us with some important information 
about its sign near the tunnel entrance. More precisely, the solution is shown to be one-sign in 



enter inside the channel. 



(N 
O 

^ ■ a neighborhood of the singular junction. In other words, we prove that the nodal set does not 

o 

1. Introduction and statement of the main results 

Qh [ Wc arc concerned with the behavior of eigenfunctions of the Dirichlct Laplacian on dumbbell 

domains depending on a parameter and disconnecting in some limit process. More precisely, let 
us consider two slightly different domains which are connected by a thin tube so that the mass 
of a given eigenfunction is concentrated in one of the two domains. Then the restriction of the 
eigenfunction to the other domain develops a singularity right at the junction of the tube, as the 
section of the channel shrinks to zero. The purpose of this paper is to describe the features of this 
singularity formation. 

A strong motivation for the interest in the spectral analysis of thin branching domains comes 
^ I from the theory of quantum graphs modeling waves in thin graph-like structures (narrow waveg- 

■ uides, quantum wires, photonic crystals, blood vessels, lungs) and having applications in nanotech- 

nology, optics, chemistry, medicine, see e.g. [HI [TU] and references therein. 

The behavior of the eigenvalues and eigenfunctions of the Laplace operator in varying domains 
has been intensively studied in the literature starting from [SI [TTl [531 ^^'^ more recently in 
[21 HI O UH HI] : where spectral continuity is discussed under different kind of perturbations and 
I boundary conditions (of cither Dirichlct or Neumann type). The problem of rate of convergence for 

eigenvalues of elliptic systems was investigated in [25] , while in [5] estimates of the splitting between 
the first two eigenvalues of elliptic operators under Dirichlet boundary conditions are provided. We 
also mention that some results on the behavior of eigenfunctions of the Laplace operator under 
singular perturbation adding a thin handle to a compact manifold have been obtained in As 
far as the nonlinear counterpart of the problem is concerned, the effect of the domain shape on 
the number of positive solutions to some nonlinear Dirichlet boundary value problems has been 
investigated in |13[ 114] , where domains constructed as connected approximations to a finite number 
of disjoint or touching balls have been considered, proving that the number of positive solutions 
which are not "large" grows with the number of the balls. 

When dealing with a dumbbell domain which is going to disconnect, the spectral continuity 
proved e.g. in |15| implies that eigenfunctions of the approximating problem converge to the 
eigenfunction of some limit eigenvalue problem on a domain with two connected components, 
whose spectrum is therefore the union of the spectra on the two components; as a consequence, if an 
eigenfunction of the limit problem is supported in one of the two domains, then the corresponding 
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eigcnfunction of the approximating problem is going to vanish on the other domain. We are going 
to show that a suitable normalization of such eigcnfunction develops a singularity at the junction 
of the tube, whose rate is related to the order of the zero that the limit eigcnfunction has at the 
other junction (see Theorem ll.2p . The description of the behavior of eigenfunctions at the junction 
will also provide informations about nodal sets; more precisely we will prove in Corollarv 11.31 that 
if the limit eigcnfunction has at one junction of the tube a zero of order one, then the nodal regions 
of the corresponding eigenfunctions on the dumbbell stay away from the other junction. 

In this paper we set up a strategy to evaluate the rate to the singularity at the junction, based 
upon a sharp control of the transversal frequencies along the connecting tube. To this aim, we shall 
exploit the monotonicity method introduced by Almgren [T] in 1979 and then extended by Garofalo 
and Lin [19| to elliptic operators with variable coefficients in order to prove unique continuation 
properties. We mention that monotonicity methods were recently used in [161 1171 118j to prove not 
only unique continuation but also precise asymptotics near singularities of solutions to linear and 
semilinear elliptic equations with singular potentials, by extracting such precious information from 
the behavior of the quotient associated with the Lagrangian energy. 

As a paradigmatic example, let us consider the following dumbbell domain in = M X K^-i, 
TV ^ 3, 

= U C. U D+ 

xi < 0}, 

0^X1^1, \x'\<e}, 
xi > 1}. 



where £ G (0, 1) and 

D- {{xi,x') e E X M- 
Ce {{xi,x') e E X M- 
D+ = {(xi,x') e E X M- 



3e: 



D- 



Figure 1 . The domain 51^ . 



We also denote, for all t > 0, 

B+ := D+ nB{ei,t), := n B{0,t), 

where ei = (1, 0, . . . , 0) S E^ and B{P, t) {x <E M.'^ : \x - P\ < t} denotes the baU of radius t 
centered at P. Let p € Ci(R^,E) n L°°(R^) satisfying 

(1) p^O a.c. in E^, p e L'^/^iR'^), Vp(x) • x e L^/^fE^), ^ e L^/2(E^), 

dxi 

(2) p(.t) =: for all a; e {(a;i,a;') e M X M^^i : 1/2 xi 1, |a;'|<l}UB+. 

While assumption ([1} makes the problem consistent with the usual spectral theory, ^ is introduced 
for technical reasons; we don't believe it is necessary: its only use is in section [21 to prove some 
uniform estimates for approximating eigenfunctions close to the right junction uniformly with 
respect to the parameter e. Possible weakening of assumption ([5]) is the object of a current 
elaboration. 

By classical spectral theory, for every open set ft C E^, the weighted eigenvalue problem 

—Aip = Xp^p, in n, 
tp = 0, on d^l, 
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admits a sequence of diverging eigenvalues {Xk{^)}k^i', in the enumeration 

we repeat each eigenvalue as many times as its multiplicity. We denote (Tp(J7) = {Afc(ri) : fc ^ 1}. 
For all e G (0, 1), we also denote 

It is easy to verify that (Jp{D~ U — <Tp{D^) U ap{D^). Let us assume that there exists ko ^ 1 
such that 

(3) Xk„{D^) is simple and the corresponding eigenfunctions have in ei a zero of order 1, 

(4) Xk„{D+)^ap{D-). 

In view of [22], these non degeneracy assumptions hold generically with respect to domain (and 
weight) variations. We can then fix an eigenfunction (p^^ G I?^'^(_D+) \ {0} associated to Afco(-D+), 
i.e. solving 

[ifl^O, ondD+, 

such that 

(5) ^(ei)>0. 

Here and in the sequel, for every open set J7 C R^, 2?^'^(r2) denotes the functional space obtained 

1/2 

as completion of C^{rt) with respect to the Dirichlet norm ( jVupiix) 

We refer to [111 Example 8.2, Corollary 4.7, Remark 4.3] for the proof of the following lemma. 

Lemma 1.1. Let 

k = cardjj e N \ {0} : Xj{D- U D+) Afe,, (£>+)} 
= ko+ card { J e N \ {0} : Aj p-) «C Afc„(i^+)}, 
so that Xko{D+) = Xj,{D- UD+). Then 

(6) Xl^Xk„{D+) ase^O+. 

Furthermore, for every e sufficiently small, A| is simple and there exists an eigenfunction ipj_ 
associated to A|, i.e. satisfying 

\<pI = 0, ondil', 

such that 

^|^^+ mI?i'2(R^) ase~^0+, 
where in the above formula we mean the functions ip'^, Lp^^ to he trivially extended to the whole M^. 
Henceforward, for simplicity of notation, we denote 

(7) ^e^^"^! and UQ = ipl^. 
Hence, for small e, solves 



(8) 



— A?^e = Xj^pUe, in ri*^, 
= 0, on dH,^ 



The main result of the present paper is the following theorem describing the behavior as e — > 0^ 
of Tie at the junction = (0, . . . , 0). For all t > 0, let us denote 

V- {v G C°°{D- \ B-) : suppw (e L>"} 

1/2 

and let be the completion of with respect to the norm {J^-x^g- iVupda;) , i.e. is 

the space of functions with finite energy in \ vanishing on dD^ . We also define, for all 
t > 0, 

(9) T^^D-ndBir. 
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Let 

(10) yi:§^-i^R, Y,{ei,e2,...,9N)^-:^, 

i AT 

where 

(11) §^!-i = (^?l, 02,..., ^iv) eS^-i : 01 <0}, Tn = ^ J^M-i0jd<j{9), 

being the unit (N— l)-dimensional sphere. Here and in the sequel, the notation da is used to 

denote the volume element on {N — l)-dimensional surfaces. We notice that Yi is the first positive 
L^(§:'^^^)-normalized eigenfunction of — Agjv-i on S^^^ under null Dirichlct boundary conditions 
and satisfies — Ahn-i Yi = {N- l)Yi on where Ag N-i is the Laplace-Beltrami operator on 

the unit sphere 

Theorem 1.2. Let us assume (HJ-® hold and let as in ([7]). Then for every sequence e„ — > 0^ 
there exist a subsequence {£nj}j, a function U E C^{D^) U (Ut>o^«~)' U ^ 0, k E (0,1), and 
/3 < such that 

i) — ^ — > [/ as j ^ +00 strongly in Tit for every t > 

n-^-ul^da 

^ ' and in C'^ {B^^X B^J for all Q < ti < t2\ 

ii) X^~^U{\x) — >■ /3 .j — as A — > 0^ strongly in Ti^ for every t > 

and in C^(i3t~ \ B^") for all < ti < 

UY, da ~ ^^fl p(^:,)u{x)Y,{^) (l^jX^- (x) + \^^^-!^^ )dx 

«««) /? = . 

JL N 

The description of the behavior of eigenfunctions at the junction given by the above theorem 
provides us with some important information about the sign of near the left junction. More 
precisely, the nondegcneracy condition ([3]) on the right junction implies that the solution is one- 
sign in a neighborhood of the left one. In other words, the nodal set of docs not enter inside 
the channel. 

Corollary 1.3. Let us assume hold and let as in ([7]). Then there exists R > such 

that 

for every r G (0,i?) there exists Sr > such that > Q in T~ for all e G (0,6^). 

The paper is organized as follows. In section [5] we prove some estimates from above and from 
below of eigenfunctions of the approximating problem close to the right junction uniformly with 
respect to the parameter e. In section [3] we introduce a frequency function associated to the 
approximating problem and study its behavior at the left, in the corridor, and at the right of 
the domain. Sections 2] and [5] contain a blow-up analysis (at the right and at the left junction 
respectively) leading to some uniform bounds of the frequency function which allow describing, 
in section ini the asymptotic behavior of the eigenfunctions (suitably normalized) close to the left 
junction of the tube, thus proving Theorem 11.21 and CoroUarv 11.31 

2. Estimates on on the right 

This section collects some estimates of eigenfunctions close to the right junction, which will 
be crucial to control the frequency function at the right. 

Lemma 2.1. There exist < rg < 3, £o <= (0,^0/2), and Co > such that 

-^(xi - 1) ^ Ue{x) ^ Cq{xi - 1) for all x E 95+ and e E (0,eo). 

Proof. From Lemma [TTT] and classical elliptic regularity theory, 

(12) u, ^ uo in Cl,(D+\{ei}) and Vu, ^ Vuq in CI,,(D+ \ {ei}). 
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Furthermore ([5]) implies that there exist C > and vq G (0, 3) such that 

(13) ^{x)^C, uo{x)>0, foralla;eB+. 

ox I 

Let to e (1, 1 + r-o/4) sueh that, if a; = {xi,x') G Aq := (B+ \ 5+^^^^^) n {1 < xi < ^o}, then 
(1,.t') G -B^j \ ^,1j,/2- -'^y (|T3)) and continuity of uq, there exist c > such that 

(14) uoix) ^ c for aU x e {B+ \ B+^^^J \ Ao. 

From p^ . there exists Eq G (0, ro/2) such that equation ^ is satisfied for e G (0,eo) and 



(15) 



dx, ^ > dxi ^ ' 



c 

— for all X G B+ \ B+,^ and s G (0, Eq) 



2 ^ \ ni/2 

(16) \ueix) - uo{x)\ < ^ for aU x G (B+ \ B+^.^^^^) \ Ao and e G (0, Eq). 
Estimate ^B)) together with implies that 

(17) u,(x) ^ ^ for aU x G (B+ \ B+^^^^J \ Ao and e G (0, £o)- 
On the other hand, ([T51) together with (ITSl) implies 

(18) for aU x G B+ \ B+^^ and e G (0, Eq)- 
We notice that, if a; G .4o then from (fTS)) it follows that 

(19) Us(xi,a;') = Me(l,a;') + / 7r^(s, x') ds > 0. 



1 dxi 

Combining (flT)) and (jl9p we conclude that 

(20) Me(a;) > for all x G B+ \ 8+^.^^^^ and e G (0, eo)- 
If xe D+ n dB+ and e G (0, £o), from ^ and ^ we have that 

u,[x)-u,yx ^ eij+j^^^^yx ^ eij ^ 4 

thus proving the stated lower bound. The upper bound follows combining ([T5|) . p^ . and □ 
The following iterative Brezis-Kato type argument yields a uniform iy°°-bound for {ue}e- 
Lemma 2.2. There exists Ci > such that 

\u^{x)\ ^ Ci for all x £ and e G (0,eo)- 
Proof. Since Ue — )• uo in 2?^'^(M^), wc have that 

(21) sup ||Ue|lL2*(RiV) < OO. 

e6(0,eo) 

We claim that 

, > there exists a positive constant C > independent of e and g 

such that if G L«(M^) for some g ^ 2* and all e G (0, eo) then 

The claim can be proved by following the Brekis-Kato procedure [7|. For every n G N, we set 
u" = min{7i, and test ^ with u^^u^Y^"^ thus obtaining 

((7-2)/ |V<p(u^)?-2^2;+ / |VMe|'«)'"'^ia; = Ae / pul{u^y-^dx. 

JO," Jo,' JQ.<s 

Letting C{q) = min {^32 , we then obtain 

C(g)^jV(«)i-V)pdx^C(g) (^ii_^«')'^-2|v<|2 + 2«)''-2|^^^|2^^^ 

^ Ae / pw^ (it" )■?" ^ < const / juel^da; 
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for some const > independent of e and g, which, letting n — > +00, imphes claim (|22p by Sobolev 
inequality. Starting from q = 2* and iterating the estimate of claim (|22p . we obtain that, for all 
n g N, n ^ 1, letting g„ = 2(^)", there holds 

n 

llMelli'^ + UK") S% ll"e|lL2*(RiV)C^'''=i 'i- - 2) ^ COnst llUell^a- (rN) 

fe=l 

for some const > independent of e and n. Letting n — > cxj, (|21[) yields the conclusion. □ 
We denote 

(23) T:[ ^ {{xi,x') ■.\x'\<l,xi-^l}, D = D+\JT^, 

T- = : \x'\ <e,xi^ 1}, 

Ti - {(xi,^') : xi e < 1}, 

E = {x' e M^-i : \x'\ < 1}, 

and, for r e M \ (1,2), 

('241 f2 ^ \{ixi,x') eTi : xi < r}, if r s$ 1, ~ ^ \ {{xi, x') € Ti : xi = r}, if r s$ 1, 
\t,-UB+_„ ifr^2, [r+_i, ifr>2, 

where, for all i > 0, we denote 

(25) T+^D+r\dB+. 
Let us define 



(26) /iTi^M, /(xi,.T')=e-VM^(-i-i)V;f(.T'), 

where Ai(I]) is the first eigenvalue of the Laplace operator on E under null Dirichlet boundary 
conditions and ipf{x') is the corresponding positive L^(S)-normalized eigenfunction, so that 

f-A,.^Af(a:') = Ai(E)^f(a;'), in E, 
\^pf = 0, on 9E, 

being A^' = Y^^=2 x' = {x2, ■ ■ ■ ,xn)- In particular / G C^(ri) n C^(Ti) and satisfies 

f-A/-0, inTi, 
\/ = 0, onaTi. 

Lemma 12.41 below shows how harmonic functions in can be extended (up to a finite energy 
perturbation) to harmonic functions in D with finite energy at — oo. In order to prove it, the 
following Poincare type inequality is needed. 

Lemma 2.3. There exists a constant Cp = Cp{N) depending only on the dimension N such that 
for every function v : \ — > K satisfying 

V ^ H^{B+\B^) and v = Q on {xi = l,\x'\ > 1} = Q, 

R>1 

there holds 

/ v^{x)dx ^CpR^ I \Vv{x)\'^dx for all R> I. 

Proof. It follows by scaling of the Poincare inequality for functions vanishing on a portion of 
the boundary. □ 

Lemma 2.4. For every e C'^{D+) n (7^(1)+) such that 

f-AV' = 0, inD+, 
W = 0, ondD+, 



tp in 

in Tj". 
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there exists a unique function u = Tiijj) such that 

(27) / (\\7u{x)\^ + \u{x)f) dx < +00 for all R> 2, 

(28) — Au — Q in a distributional sense in D, u ^ on dD, 

(29) / \\/{u^ij){x)\^dx <+oo. 
Jd+ 

Furthermore 

(30) Tiij)-4' eV^'^{D), where V' 
Proof. Let us define : T>^''^{D) ^ M as 

(31) M^) = lljV^{x)fdx- l^^{l,x')[^)^{l,x')dx' 

where {§^) linit-i.o+ ^iii^ii. By standard minimization methods it is easy to prove 
that there exists w £ 'D^'^{D) such that J^,(w) = min^i ajjj) Jii- In particular w satisfies 

Q = dJAw)Vp\— [ Vwix) -Vipix) dx — [ (p(l,x')(—^^ (l,x')dx' 
Jd Jt. \dxiJ + 

for aU if g 2?i'2(i5). Hence the function w : 5 ^ M, 

{w + lb. in 
w, m , 

satisfies 1^, and, for every ip e C^{D), 

\/u{x) ■ 'S/(p{x) dx — / \/w{x) ■ \/(p{x) dx + / V?/'(x) • Viy9(x) da; 
I j5 Jd+ 



thus implying (^5]) . To prove uniqueness, let us assume that ui and U2 both satisfy (pSl - f^ : then 
the difference u = ui — U2 solves 

(32) — Au = in a distributional sense in D, u = on dD, 

and satisfies 



(33) / \Vu{x)\^dx^ \V{ui~tP){x) ^y{u2-i'){x)\^dx < +00. 

Jd+ Jd+ 

For all i? > 2 let rjn be a cut-off function satisfying 

r^ReC°°{D), 7jR = lmnR, 7u = 0mD+\B+j^_^^, |Vr,fl(x)K in 5. 
Multiplying (|32p with rjj^u and integrating by parts over D we obtain 
|Vw(x)p77|j(x) dx — —2 / u{x)r]ji{x)\/ u{x) ■ \/riJi{x) dx 



1 

< - 
2 



D 

2/ 



\Vu{x)\^r]%{x)dx + 2 I u''{x)\Vtjr{x)\'' dx 
D Jd 
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thus implying, in view of Lemma 12.31 
1 



2 ' \Vu{x)\Ux ^ - I \Vu{x)\'rjj,ix)dx 



2„2 , 

D 

^2 I u^{x)\Vtjr{x)\Ux ^ I u^{x)dx 

^8Cp / |Vu(a;)p<ix. 

Letting R +oo, from ([55)1 we deduce that /g \Vu\'^dx ~ and hence u must be constant on D. 
Since u vanishes on (9D, we deduce that u = and then ui = U2 in D thus proving uniqueness. □ 

Henceforward we denote 

(34) $i = r(.Ti-i). 

Since in the case ip{x) = xi — 1 we have that x') ~ 1 > 0, the minimum of the functional 

Jxi-i defined in pip is attained by a nonnegative function w. Hence we deduce that 

(35) $1 (xi , x') - 1)+ for all {xi ,x') eD. 
Hence, from the Strong Maximum Principle we deduce that 

(36) <^>i{xi,x') > for aU (xi,a;') e 5. 
For all 7' e M, let us denote 

(37) Ti,r^-{{xi,x'):\x'\<l, xi^r}, Tr : {{xi,x') : \x'\ < 1, Xi ^ r}, 

1 /2 

and define £r as the completion of C^{Ti^r) with respect to the norm ( J^,^ jVupda::) (which is 

1 /'^ 

actually equivalent to the norm ( J^,^ jVupdx + /p v^da) "), i.e. 8r is the space of finite energy 
functions in Ti^r vanishing on {(xi,x') : xi ^ r and |a:;'| = 1}. 

The following Lemma associate an Almgren type frequency function to harmonic functions in 
£ii and describe its behavior at ~oo. 

Lemma 2.5. Let REM. and G £_r \ {0} satisfying 

j-A(/) = 0, inTi^R, 

1 = 0, on {{xi, x') : Xi ^ R and \x'\ ~ 1}, 

in a weak sense, and let : (— oo, i?) — !■ M 6e defined as 

^ /^^ jV(/)(x)prfx 
J^^q^^x)da • 

Then 

i) is non decreasing in {—oo,R); 

ii) there exists Kq e N, Kq ^ 1, such that 



lim N^{r) = v/Ax„(S), 

r— > — oo 

where Aa'o(S) is the Ko-th eigenvalue of the Laplace operator on T, under null Dirichlet 
boundary conditions; 

iii) if = 7 for some 7 e R then 7 = a/ Xkq (S) and (/)(xi, a;') = ev^^^^^^'ip{x') for some 
eigenfunction tp of —A^' in E associated to the eigenvalue Ai<-g(I]); 

iv) if (j) > in Ti_fl, then Kq = 1. 

Proof. It is easy to prove that <E C^(— 00, R) and, for all r G (—00, R), 



2 daf 
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Hence, Schwarz's inequality implies that N'^{r) ^ for all r < R. Therefore is non-decreasing 
in (—00, R) and statement i) is proved. By monotonicity, there exists 

(38) 7 lim N^{r) e [0,+oo). 



For every A > let us define 

, - A,a;') 

(l)x(xi,x ) := =. 

We have that (j)x S 

(39) / cj)lda = l, 



R 



and (^A weakly solves 
(40) 



= 0, in Ti_fl,+A, 
= 0, on {{xi,x') : xi ^ R + \ and \x'\ ~ 1}. 



Moreover, the change of variable {xi,x') = {yi — A,y') yields 

/t, |V</>A(y)pdy 

(41) AfA(r - A) = — for aU r < i? + A. 

In particular we have that 
iV^(-R- A) 



^ |V0A(2/)|'d2/s^iV^(^) for every A 



and hence {</ia}a>_r/2 is bounded in £ji. Therefore there exist a sequence A„ +00 and some 
(f> £ £r such that 4>\n ~^ 4* weakly in En and a.e. in Ti^ji. From compactness of the embedding 
£r ^ L^iVn) and ((39)) we deduce that /p (p'^da — 1; in particular (j) ^ 0. Passing to the weak 
limit in (^(11 as A„ +00 we have that 



(42) 



-Acf> = 0, in Tim, 

> — 0, on {(xi, x') : xi ^ i? and |a;'| = 1}. 



By classical elliptic regularity estimates, we also have that (f)\^ — > in C^{Ti^r2 \ Ti.n) for all 
ri < r2 < R. Therefore, multiplying (|42l) by (j) and integrating over Ti^r with r < i?, we obtain 

(43) / ^0A„d^^ / |^^dcT= / |V^(x)pdx. 
Jr, 0x1 Jr, 0x1 Jrp^ ^ 

On the other hand, multiplication of (j40p by (/)a„ and integration by parts over Ti^r yield 

(44) ^ \V(bxA^)\'dx^ ^^^^da. 

From (|43)) and (|44|) . we deduce that Hi^Anllfr ll^llfr ^^^"^ then cj) strongly in £r for every 

r < R. Therefore, for every r < R, passing to the limit as A,i +00 in (PT|) and letting 7 as in 
we obtain that 



(45) N^{r)^-/ for all r<i?, 

where 

/^^jV0(y)pdy 
Niir) = ^ = . 

Then 



N'Ar) = 2^ — ^-^ — ^-^5-^ — ^— = for aU r < R. 
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Since equality in the Schwarz's inequality holds only for parallel veetors, we infer that ^ and 4> 
must be parallel as vectors in L'^{Tr), hence there exists some function 77 : (—00, i?) — > R such that 

— — {xi,x') = r]{xi)4>{xi,x') for all xi G (— oo,i?) and x' G S. 
Integration with respect to xi yields 

(46) (p{xi,x') = ip[xi)'\li[x') for aU xi G (— oo,i?) and x' e E, 

where ip{xi) = e^R v{s)ds ^ il^{x') = (j>{R,x'). From (|^ and (^5]) . we derive 

^"{xi)yj{x') + ^{xi)A,,tP{x') ^ 0. 

Taking xi fixed, we deduce that -ip is an eigenfunction of ^A^' in E under homogeneous Dirichlet 
boundary conditions. If XkoC^) is the corresponding eigenvalue then </?(a;i) solves the equation 

(p"ixi) - Xko{^)^{xi) = 

and hence ip is of the form 



^(xi) = cieV^^("i-«) + c2e-\/^^(^^-^) for 



some ci , C2 G 



Since the function e^vWsK^i-^?)^^^.') ^ then C2 = and ^(x'l) = cieV^'^-o{S){a:i-i?)_ gj^ 
iy9(i?) = 1. we obtain that ci ~ 1 and then 



(47) (i>{xi,x') = e^^"'o(^)i=^i-R'>^(^x'), for aU xi e {-00, R) and x' G E. 



Substituting (|47)) into (|45l) wc obtain that 7 = -y/ Aif^ (E). Hence statement ii) is proved. We notice 
that the above argument of classification of harmonic functions (f> with constant frequency also 
proves statement iii). 

In order to prove iv), let us assume that (/> > in Ti^/j. Then (px > in Ti^n^x. Hence a.e. 
convergence implies that (/) ^ in Ti^/j. From the Strong Maximum Principle we obtain that > 
in Ti^/j, which necessarily implies that ip > in T,. Then ip must be the eigenfunction associated 
to the first eigenvalue, i.e. A/<-o(E) = Ai(E). □ 

The previous lemma allows describing the behavior of the Almgren type frequency quotient natu- 
rally associated to the function $1 introduced in (p4)) . For all r G M \ (1, 2), let J\f{r) — Afq,-^ (r) be 
the frequency function associated to $1, i.e. 



(48) AA(r) =AA$,(r) 



A^(r)/^JV$i(x)|2dx 



/p^$i (a;) do- 
where 

■~|fjT^=r-l, ifr>2, 



(49) A^(r) 



(S)""Mr.|^ = i, ifr^Cl, 



\Tr\ denotes the {N — l)-dimensional volume of F^, and wat-i is the volume of the unit sphere 
§^~\ i.e. uJN-i = /gjv-i da{0). 

An immediate consequence of Lemma 12.51 and (|36p is the following corollary. 



Corollary 2.6. lim^^.oo A/'(r) = ^Ai(E). 

As a left counterpart of Lcmma l2.41 we now construct a harmonic extension to D of the function 
/ defined in (|26p (up to a finite energy perturbation in the tube) having finite energy at the right. 

Lemma 2.7. There exists a unique function $2 : — > K such that 



(50) J^^ (|V$2(a;)r + l*2(a;)r j dx < +00, 

(51) — A$2 — in a distributional sense in D, <I>2 = on dD, 

(52) / |V($2-/)(a:;)|'rfx<+oo, 
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where f is defined in \2b]) . Furthermore 

(53) ^'2 ^ / in Ti and $2^0 in D. 
Proof. Let us define J : ^^'^(I}) ^ M as 

Ji'P) ^ \ i |V(/'(x)|2 dx+ [ da 

= 1 f \V^{x)\''dx+ I ^(xl,a;')e^^/^("^-l)|^(x')dfT, 

where v denotes the normal external unit vector to dTi and v^' the normal external unit vector to 
9E, i.e. Vx' = jp-j- . It is easy to prove that J{ip) ^ ci||(y5||^j ^^jj-j ~ ^2 for some constants ci,C2 > 

and all Lp £ 'D^'^{D) and that J is weakly lower semi-continuous. Hence there exists w £ 'D^'^{D) 
such that Jiw) = min^i a^f)) J- Since, by the Hopf Lemma, < on 91], we can assume that 
w ^ (otherwise we take \w\ which is still a minimizer). The minimizer w satisfies 

= dJ {w)[ip] = [vw{x)-\7ip{x)dx+ f ip-J- da 

Jd J(l,+oo)xaE c/t^ 

for aU if e V^'^{D). Hence the function $2 : 5 R, 

|w, mD\Ti, 
satisfies and, for every ip e C^{D), 

W<^2{x) ■W(p{x)dx ^ lww{x)-Wip{x)dx+ / Wf{x)-Wip{x)dx 
D Jd Jti 

if — da + If — da ^ V 

(i,+oo)xas J(i,+oo)xas 

thus implying (jSip . To prove uniqueness, let us assume that ui and U2 both satisfy (j51f[52| : then 
the difference u = mi — M2 solves 

(54) — Au = in a distributional sense in Z?, u = on dD, 
and satisfies 

(55) / \yu{x)fdx= [ \Viui- f){x)-\/{u2- f){x)fdx<+oo. 

For alH < 1 let r/t be a cut-off function satisfying 

7?t g C°°(i5), 7/i(xi,a;') = 1 if xi > i, 7?t(xi, cc') = if xi < t - 1, |V7?t(x)| 2 in 5. 
Multiplying (j54p with 77^ m and integrating by parts over Z? we obtain 

Vit(a;)p77^(x) = —2 / u{x)rit{x)\i' u{x) ■ S/ritix) dx 
D Jd 



2 

thus implying 



=^ i l\\/u{x)\'^T]'^{x)dx + 2 lu'^{x)\S/T]t{x)\'^dx 



D JD 



\( \Vuix)\'dx^^ [ \Vu{x)\'rjUx)dx 

^ JDr\{xx>i\ ^ JD 



^ 2 / u^(x)\Vr]t{x)\^ dx u'^{x)dx 
Jd J Dn{t-i<xi<t} 



8Cp [ \\7u{x)\^dx 



I Dn{t-i<xi<t} 

where the constant Cp > depends only on the dimension and is the best constant of the Poincare 
inequality for functions on (—1,0) x S vanishing on 9S. Letting t — > —00, from ([55)) we deduce 
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□ 



that |Vwp = and hence u must be constant on D. Since u vanishes on dD, we deduce that 
u = and then ui = ui in Z?, thus proving uniqueness. 

Remark 2.8. From ([55)1 and the Strong Maximum Principle we deduce that 

<i>2(a;i, a;') > for ah (xi, x') G I). 

The functions $i and $2 can be estimated as fohows. 

Lemma 2.9. 

(i) For every (5 > there exists c{6) > such that 

Xi — 1 



$i(a;) -(x-l) ^ c(<5) 

for all xe D+\ B+^g. 
(ii) There exists C2 > such that 



and cI>,(,)^e(J)^^ 



^i{x) C2eV^^ ^ /or an a; G Tf . 

Proof. Let us first prove (i) for the function w ~ $i(a;) — {x — 1)+ = T{x\ — \){x) — (x — 1)+ 
(the analogous estimate for $2 can be proved in a similar way). We observe that w belongs to 
V^'^lD) in view of (|30p and weakly solves —Aw = in \ by (|28p : moreover w{x) = for 
all X G {(xijx') : xi = 1, |a; — ei| > 1}. Therefore, its Kelvin transform 



w{x) 



a; — ei 
\x - eip 



ei 



belongs to H^{B^) and weakly satisfies 

(-Aw{x)=0, in B+, 



w{x) = 0, 



on {{xi,x') : xi = 1, |x — ei| < 1}. 



By classical elliptic estimates, for any S > there exists c{S) > such that \ ^ c{S) in B^^^s_^i^ 
thus implying 



|w(xi,x')| 



x') + 



dw 
dxi 



(s, x) ds 



9w 
9x1 



(s,x') 



ds s: c((5)(xi - 1) 



for all (xi, x') G -BjY(5+i)i which implies (i). To prove (ii), it is enough to observe that the function 

v(xi,x') = eVM^^i^f (x'/2) is harmonic and strictly positive in , bounded from below 
away from on {(xi,x') G : xi = 1}, and Jy_(|Vwp + |wp ) < +00. Hence, from the 
Maximum Principle we deduce that <I'i(x) ^ const u(.x) in Tj^, thus implying statement (ii). □ 

In order to control with suitable sub/super-solutions and obtain the needed upper and lower 
estimates, let us introduce the following functions: 



(56) : L>+ U 

(57) : 1)+ U T- 
where 



I, $-'(x) =e$i(^ei 
I, $-'(x) =e$ifei 



X — ei 

e 

X — Bi 



27.e$2(^ei + 
\/27ee<I>2 ( ei 



X — ei 
2e 

X — ei 



s/2i 



2e exp ^ 



7e 



- 72. 



e exp 



V 2V2e ^ 



Lemma 2.10. There exists C3 > sitc/i f/iaf 

|ue(x)| < C3$'^(x) /or a// e G (0,£o) and x e Be 

where 



(58) 



Be 



B+ U |(xi,x') G : |x'| < £, ^ < Xi ^ ij. 
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Proof. Let us first observe that 

(59) -A$^ = 0, inD+UT". 

Moreover, ii x E r+ = 9B:^^ n and e G (0,eo), then Lemma I^TTI implies that 

(60) \ueix)\^Co{xi-l), 
while (1351) and (l53l) ensure 



(61) $'^(a;) ^ e-^^^— ^ = (a-i - 1)+ ini:»+UT+. 
From (pOl lCTj) we deduee that 

(62) \u,{x)\ Co^' (x) forana;er+ andee (0,£o)- 

On the other hand, if a; = (a;i, a;') E and xi = ^, then from ([55]) . ([5^ . and (pS)) it follows that 
$''(a;) ^ 27eeeT^Vf f^) min (y') = C4 > 



V2e/ y'eE 
la'Ki/2 

thus implying, in view of Lemma |2.2[ that 

C 1 

(63) l'"6(2;)| ^ -^'^'{^) for all x — (x'i,x') G T~ such that xi — -. 

From (p^ and we conclude that 

(64) |M^.(a;)| ^ max jco, ^ |$^(a;) for all x G dB^. 

Since, from ^ and Kato's inequality, — Ajuej ^ in B^, from ([55]) . ([M)) . and the Maximum 
Principle we reach the conclusion. □ 

Let us define 

(65) Ue-fl^^R, u^{x) — -u^(ei + e{x — ei)) , 

e 

where 

(66) := ei + ^^-j^ = {a; e : ei + e(a; - ei) e f}-^}. 
We observe that Ur solves 



(67) 



—Au^{x) = £^A|p(ei + e{x — ei))us{x), in f2^. 
Me = 0, on dfl'^ 



From Lemma l2.101 the following uniform estimate on the gradient of on half-annuli with radius 
of order e can de derived. 

Lemma 2.11. For every 1 < ri < 7'2 < 7^ there exists Cri.r2 > such that 

|Vue(x)| < Cri,r2 for all X e i?^,^ \ 5+^ and e G (0,eo). 
Proof. From Lemma [2. 101 and ((55)) . it follows that, letting as in (p5H55|) . 

(68) |u,(a:)K — $-'(ei+e(a;-ei)) 

= C3(^<&i(a;) + 27,ci>2(i^i^)^ for all x € £ € (0,£o). 



Let us fix i?2 such that 1 < i?i < ri < r2 < i?2 < From m8\j it follows that 

|ue(x)| ^ const for all x G \ B^^, e G (0,£o), 

for some const > independent of £ (but depending on i?i,i?2)- Hence, from ((67)) and classical 
elliptic estimates, we deduce that 

|Vue(x)| s; ai,r. for ah a; e B+ \ B+, £ G (0,£o), 

thus proving the statement. □ 
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A lower bound for can be given in terms of the function defined in (j57p . 
Lemma 2.12. There exist C5 > and e\ G (0,eo) such that 

Us{x) > C5$^(a;) for all e G (0,ei) and x e Be, 
where is defined in \58\) and $^ in |57p . 
Proof. Let us first observe that 

(69) -A$'' = 0, inD+UT^^. 
Moreover, if a; £ r+ and e E (0,eo), then Lemma [2.11 implies that 

(70) u,{x)^ ^{x,^l). 
Furthermore, from ([5^ and ([57]) . we have that 

(71) ^%x) ^ £$1 (ei + ^-j^) for all x e D+ U T". 
From Lemma 12.91 there exist Cg , C7 > such that 

(72) $i(a;) (xi - 1)(^1 + l^^^-^J-p^ sC C7(a;i - 1) for all x e £>+ \ B+. 

Combining ([7T|) and (|72p . we obtain that 

$^(x) < Cjixi - 1) for all xeD+\B+, 
which, together with (ITO)) . yields 

(73) $^(a;) < CoC7Ue(x) for all a; G r+ and < e < £o- 

On the other hand, if x = {xi,x') G T~ and xi = i, then dST]), (l71|), Lemma ISJlii). (|53l) . ((26l) . 
and Lemma [2.21 yield 

(74) $"(a;) < Caee-^^^ - min V^f (y') min ^/.f (y') < min ^f{y') 

l;/Ki/V2 |yKi/V2 |y'Ki/y2 

provided e is sufficiently small. Estimates ([75)) and (fM|) imply the existence of some C5 > and 
£1 > such that 

Ue(x) ^ C5$^(a;) for all e £ (0,£i) and x e dB^, 
which, together with (|69| and the Maximum Principle, yields the conclusion. □ 

Lemma 2.13. There exists £2 S (0,£i) such that 

Ue{x) ^ ^(-^1 - 1) for all x e B+ \ B+, e G (0, £2). 
Proof. From dST]), ([331), and Lemma it follows that, for all x e B+ \ B^^, 

(75) $^(.t) =£$ifei + ^-— ^) -\/27,£$2fei ' 



^/2£ 
1) 

provided e is sufficiently small. The conclusion follows from Lemma 12.121 and (|75p . □ 



> (xi - 1) - const 7e(xi - 1) ^ ^(xi - 1) 
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3. The frequency function 



In this section we introduce an Almgren type quotient associated to problem (|8]) and study its 
monotonicity properties with the aim of uniformly controlling the transversal frequencies along the 
connecting tube. 

For every e > 0, let : R \ ((-e, 0) U (1, 1 + e)) ^ R be such that 

£.e{r) = -r, if r ^ 
^e{r) =r, if r ^ 1, 

For r e M \ ((-£, 0) U (1, 1 + e)) , we define 



We also denote 
(76) 

and notice that 



D-\B-^^^.^, ifrs;-£, 
D- U {{xi,x') e C, : xi < r}, if =^ r 1, 
D- UC^U Bt 



if r $s £ + 1, 



'D~ ndB: 



{{xi,x') eCe : xi ^ r}, ifOsCrsCl, 
D+ndB+ „ ifr ^£ + 1. 



n,. := D- \ BZr for all r < 
VLl = Qr for aU r -£. 




(a) with r — e 





(b) t7= with ^ ^ 1 

Figure 2. 



(c) with r ^ e 



A key role in the definition and in the study of the frequency associated to problem ^ is 
played by Lemmas 13.41 and 13.61 below, which give a Poincare type lemma on domains fl-t, t > 0, 
for functions in and, respectively, a uniform coercivity type estimate for the quadratic form 
associated to equation (|5]) in domains £7^, r < 1. An important ingredient for their proof is the 
Kelvin transform, which is described in the following remark. 

Remark 3.1. For all i? > 0, w e if and only if its Kelvin transform v{x) = 
belongs to H^{B^^j^) and has null trace on dB^^^ n dD^\ furthermore 



\Vv{x)\^dx + {N ^2)R I v^da 



\Vv{x)\^dx, 



l/R 

2* „„J d2 



\v(x)\'^' dx ^ / dx, and / Tp{x)da 

Jn^R Jr: 



v'^{x) da. 



'l/R " ■"-J-i " ' l/H 

Functions in satisfy the following Sobolev type inequality. 

Lemma 3.2. There exists a constant Cs = Cs{N) depending only on the dimension N such that 
for all t > and v G Jif^ there holds 

\2/2- . 

Cs{ I \v{x)fdx) ^ / |Vw(x)pdx. 
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Proof. By scaling it is enough to prove the inequality for t = I, which, in view of remark [3. 11 is 
equivalent to prove that 

V 2/2* 

|2 1 ^ I IV7^,,/'™M2 1 / AT" o\ / -.,,2, 



Cs[ / Iwix)]-" dx] s$ / \Vw{x)\-'dx + {N -2) w^da 



for all w € H^{B^ ) such that w = on dB^ n i9D . Such inequality follows easily from classical 
Sobolev embeddings by trivially extending w in 5(0, 1) and observing that 

\\Iw{x)\^dx+{N -2) I w^da 

'B(0,1) JdB{0,l) 

is an equivalent norm in H^{B{0, 1)). □ 

The Poincare inequality we will state in Lcmma l3.4l with its best constant is a consequence of the 
following lemma, which is the counterpart of Lemma 12.51 for the frequency of harmonic functions 
in Ht- 

Lemma 3.3. Let R > and cf) £ T-L~j^ \ {0} satisfying 

J-A0 = O, inQ^H, 

[0 = 0, on dn^RddD^, 

in a weak sense, and let : (i?, +oo) — > M &e defined as 

J^-rix)da ■ 

Then 

i) is non-increasing in {R,+oo); 

ii) there exists Kq G N, Kq ^ 1, such that 

lim N'{r) = N~2 + Ko; 

iii) if = 7 for some 7 G M then 7 = iV — 2 + Kq and (t){x) — \x\^^^'^~'^''Y{x/\x\) for some 
eigenfunction Y of — Agiv-i associated to the eigenvalue Kq{N — 2 + Kq), i.e. satisfying 
-AsN-iY = Ko{N -2 + Ko)Y on S^^i; 

iv) if (j) > in Q^r, then Kq = 1. 

Proof. Let e H^{B^j^ be the Kelvin transform of 0, i.e. 0(a;) = k'T^^^^Vlj^^) ■ Then 
satisfies _ 

('-A0 = O, inS-/^, 

[0 = 0, ondB:[^p,r\dD~, 
and, by Remark 13. II the frequency function A^^^ can be rewritten as 

(77) iV^-(r)=iV-2 + iv(^i 

where _ 



cj)Q{x) = (j)Q{xi,x') 



Let us define _ 

4>{xi,x'), if xi ^ 0, 

— (/)(— xi, x'), if xi > 0, 
and observe that 00 G H^{B{0, l/R)) satisfies (f>o{—xi,x') = —00(2^1,2;') and weakly solves 

-A0o = O, inB(0,l/i?). 

Moreover 

*/B(o,t) |V0o(a;)|2da; 



(78) Nit) 



IdB(0,t) '^0^-'^ 
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From the classical Almgren monotonicity formula [I] 



(79) 



N'it) 



2t 



dB{0,t) 



IdB{0, 



t) v^o^'^ 



for all t G (0, l/R), where ly = i/{x) = j^, hence from Schwarz's inequality TV' ^ and the fimction 

t G (0, 1/i?) I— >■ N{t) is non-decreasing, thus implying, in view of ([77]). that is non-increasing 
in {R,+oo) and proving statement i). Furthermore from (16[ Theorem 1.3] there exist Kq € N 
and an eigenfunction Y of — Agjv-i associated to the eigenvalue Ko{N — 2 + A'o), i.e. satisfying 
-Asiv-iF = Ka{N -2 + Kq)Y on S^-^, such that 



(80) 

and 
(81) 
(82) 



lim Nit) 



N -2 



N -2 



Ko{N- 



A-^^"0o(Ae) ^ ¥(6) in C'^S''-'), 



as A ^ 0+, for every r G (0, 1). Since 4>o vanishes on B{0, l)n ({0} x R^"^), from we infer that 
Y vanishes on the equator S^-^ n ({0} x M^-i). Therefore, Y can not be the first eigenfunction 
of — Agjv-i and hence Kq ^ 1 necessarily. Statement ii) then follows from ([77]) and (|M|) . 

Let us now assume that = 7 for some 7 G M, so that N{t) = 7 — + 2 in (0, 1/i?) and 
hence N'{t) = for any t G (0, 1/i?). By 1^ we obtain 



dB{0,t) 



d(j)o 



du 



da 



dB{0,t) 



dB{0,t) 



'o^da =0 for all t G (0, 1/i?), 



i.e. (po and have the same direction as vectors in L^{dB{0, t)) and hence there exists a function 

77 = r]{t) such that %-{t,9) = riit)4)o{t,9) for t G (0, 1/i?) and G S^"^ After integration we 
obtain 

(83) 



^O[j^,0]=^{t)m. tG (0,1/i?), 0G§ 



N-1 



where ip(t) = e-''i% and ^p{e) = <j)o{ji,d)- Since -A0o = in 5(0, 1/i?), 1^ yields 



t 



t2 



AsN-iif;{9) = 0. 



Taking t fixed we deduce that 1/' is an eigenfunction of the operator — Agw-i. If Ko{N — 2 + Kq) 
is the corresponding eigenvalue then ip{t) solves the equation 

2 + A'o) 



-'rf' [t) 7 — (^(i) + — 



-^{t) = 



t ■ i2 

and hence ip{t) is of the form 

tp{t) = cit^° 4- C2t"^^"^)"-^", for some ci,C2 G R. 
Since the function |x|-(^"2)-Ko^(^) ^ H\Bi/r), then ca = and v?(t) = cit^° ■ Since (^(-i) = 1, 
we obtain that ci = and then 

(84) <^o(i, 0) = R^°t^°ip{e), for aU < G (0, 1/i?) and 9 G 

Therefore (/)(y) = i?^" |yr^+^"^°V'( jfy ) in ^^-^-R- Substituting dH]) into dTS]) and taking into 

account that N{t) = 7 — A^ -f 2, we obtain that necessarily 7 — A' -f- 2 = Kq, i.e. 7 = A^ — 2 -|- Kq. 
Claim iii) is thereby proved. 

If (/) > in ri-_Ri then > in B~^j^, and Hopf's Lemma implies that 

1 



(85) 



Tr-(0,x') < 0, for ah x' G M^^^ s.t. |a;'| < 
axi i? 
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and (j82|l imply that Kq ^ 1. Hence = 1 and statement iv) is proved. □ 
We are now ready to prove the following Poincare type inequality. 

Lemma 3.4. For all t > and v E T-L[ there holds 

If N — 1 f 

JN^ |V«(x)|2da; ^ v^da, 

being TV — 1 the optimal constant. 

Proof. By scaling it is enough to prove the inequality for t = 1, i.e. the statement of the lemma 
is equivalent to prove that the infimum 

is equal to N — 1. By standard minimization arguments and compactness of the embedding 
"H^ ^ L^(r^), it is easy to prove that the infimum X is strictly positive and attained by some 
function G Tii \ {0} satisfying 

— Awo = 0, in 17^1, 
Wo > 0, in r2_i, 

^ = -I«;o, onrr, 

^wo = o, on ar2_i n 91?-, 

being v = Then Lemma [3.31 implies that 

L |Vwo(a;)pda: 
I =^^^7 23 =N-,{1)> lim ]V-(r)^iV-l. 

On the other hand the quotient ( ^ \\/ w{x)\'^ dx) ( Jp- up'da^ ^ evaluated in w(xi,x') — j^pr is 
equal to — 1, thus implying that I ^ N — 1. □ 



Remark 3.5. By remark 13711 Lemma 13^ is equivalent to 

r / \\/w{x)fdx ^ / w'^da for all w G H'^{B~) such that u; = on 9B,7 n dD~ . 

Lemma 13.61 below provides a uniform coercivity type estimate for the quadratic form associated to 
equation ©, whose validity is strongly related to the nondegeneracy condition (jj]). 

Lemma 3.6. 

i) For every f G L-^^^{R-^) and M > 0, there exist rMj > and Smj G (0,eo) such that for 
all £ G (0, Ea/j') and r G (e, rMj) 

\Vu,ix)\^dx^ M [ \f{x)\ul{x)dx. 



ii) For every f G L^/^(R^) and M > 0, there exists Emj G (0, £0) such that for all r G (0, 1) 
and £ G (0, £a/j) 

\\7ue{x)\^dx^ M 1 \f{x)\ul{x)dx. 

Proof. To prove i), wc argue by contradiction and assume that there exist / G L^/^(]R^), 
M > 0, and sequences e„ 0+, r„ — 0+, such that r„ > e„ and, denoting u„ = u^^, 



(86) / |Vu„(x)|^da: < M / |/(x)|<(a:)dx. 

Let us define 

Vn{x) 



Un{x), if x G 

fr^\N-2 ,rl. 
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Wc notice that t;„ G 'D^''^{D~) and, by Remark [XTl 

/ \\/Vn{x)\^dx+^^-—^ [ vlda= [ \\/un{x)\^dx, 

thus implying 

(87) [ \Vvnix)\^dx [ \Vvn{x)\^dx+ / vlda:^2[ \Vun{x)\^dx. 

Jd- Jd- Jr;:^ "'f^-r„ 

From dm) and ^ it foUows that, if 



D- 



then w„ e V^ '^{D-) and 

|Vu;„(a;)pfix < 2Af. 

Hence there exists a subsequence {wnk\k such that 

Wrifc — ^ w weakly in 2?^'^(D^) 
for some w G 'D^''^{D^). From |/(a;)|z;^j(a;)dx ^ /^^ |/(a:)|u^j(x)dx we deduce that 

\f{x)\wl{x)dx^l 

D- 

which implies that w ^ 0. Since w„ solves 

1 = 0, on dD~ , 

and r„ — > 0+, from © we conclude that w weakly solves 

(-Aw^\ko{D+)pw, inD-, 
1 w = 0, on dD^ , 

thus implying Xkg{D^) G (Tp{D^) and contradicting assumption 

Let us now prove ii). We argue by contradiction and assume that there exist / G L^/^(I 
M > 0, and sequences e„ -> 0+, r„ G (0, 1), such that denoting u„ = Ue„, 

\7u„ix)\^dx < M [ \f{x)\ul{x)dx. 
Let us define 

{Un{x), if X G f2^"' 

w„(2r„ei-x), if 2r„ei - x G fi^;^ , 
0, otherwise. 

We notice that w„ G ^'^^^(R^) and, by dHH]), 

|Vu„(a;)pdx = 2 / |Vw„(a;)pda; < 2M [ \f{x)\ul{x)dx, 



thus implying that, letting 



then -u;„ G and 

/ |Vw„(a;)pcia; < 2M. 



1/2 ' 
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Hence there exist a subsequence {wn,.}k and some w e 2? ' (M ) such that w„^ w weakly in 

\f{x)\wl{x)dx ^ I \f{x)\wl{x)dx + \f{x)\wl{x)dx, 
Jd- Jn^^^^\D- 

\f{x)\wl{x)dx ^ ||w„|j^2-(KiV)||/||Liv/2(o=.\£,-) = o(l) as n ^ +00, 
\f{x)\w'^^{x)dx ^ / \f{x)\w'^{x)dx + o{l) as fc +00, 

D- J D- 

we deduce that 

\f{x)\v?{x)dx = 1 



'D- 

and hence ui ^ in . On the other hand, a.e. convergence of to w imphes that w = 
on dD^ . Furthermore, passing to the weak limit in the equation — Aw„j. = Xj^'^ptUnf. satisfied by 
Wn^. in , we conclude that w weakly solves 

]w~0, on dD~ , 

thus implying Xko{D^) G (Tp{D^) and contradicting assumption □ 
From Lemma [?751 and ©J there exist R G (0, 1) and e G (0, Eq) such that, for every e G (0, e), 

(89) / (iVuep - A|pu2)dx ^ i / iVitepdx for aU r G (-i?, -e) U (0, 1), 
and 

(90) / (iVweP - Alpu^'jda; > i / |Vwepda; for aU r G (1 + e, 4). 

Estimates ([55]) and ([TO]) , together with equation ([5]) and classical unique continuation principle, 
imply that 

/ ul{x)da>0 foraheG (0,£) andr G (-i?, -£)U(0,l)U(l+e,4). 

Therefore, for aU e G (0, e), the frequency function : {-R, -e) U (0, 1) U (1 + e, 4) K, 

Ajv(r,e) J^, (\Wue{x)\^ - Xlpix)u^^{x))dx 

where 

'^'^ir^l^ =^e(f), if r G (-cx),-e)U(l+e,+oo), 



AAr(r,e) 



r^|— =£, ifrG[0,l] 



and |r^| denotes the {N — l)-dimensional volume of F^, is well defined. 

3.1. The frequency function at the right. If e G (0,e) and r G (1 + e,4), then 

(91) K{r)^N+{r~l) 
where, for t G (e, 3), 

(92) JV+it) 



D+it) 



^tit) = T^ [ (|Vu,(.t)P - Xlpul{x))dx, 



with F^ as defined in ((25|) . The behavior of for small t and e is described by the following 
proposition. 
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>0+ 



lim Af+{t)) = lim ( lim A4(r) ) = 1 



Proposition 3.7. There holds 

lim 

Proof. Let us first notice that the strong convergence of to ip^^ ensured by Lemma 

1 1.1 1 implies that, for all t £ (0, 3), 

(93) \im Af+ (t) = J\f+ {t) 

where 

Let us define 



N+{t) = 



dx 



'), if.Tl<0, 



and observe that ipo G 2? ■ (M ) satisfies 93o(— xi, x') = — (/3o(-'z;i, 2;') and weakly solves 



where 



\p{xi + l,x'), ifzi^O, 
I p(— xi + 1, x'), if xi < 0. 



Po{x) =pq{xi,x') 

Moreover Af'^ can be rewritten as 

^/b(o t) (|V^o(.t)P - \koiD+)poix)iplix))dx 

W = — f 2rTi 

Hence, from (TBI Theorem 1.3] it follows that there exist Jq £ N and an eigenfunction Y of — Ag 
associated to the eigenvalue jQ{N — 2 + jo), i.e. satisfying — AgN-iF = jo{N — 2 + jo)^ on S 
such that 



N-l 

N-1 



lim Af+(t) 



N 



N -2 



+ jo{N-2 + jo)^jo 



(94) 

and 
(95) 
(96) 

as A — >■ 0+, for every t G (0, 1). Since the nodal set of tpo is {0} x M^~^, we infer that Y vanishes 
on the equator n ({0} x K^~^). Therefore, Y can not be the first eigenfunction of — Agw-i 

and hence jo ^ 1 necessarily. On the other hand, ([5]) and (|M| imply that jo ^ 1. Hence jo = 1. 
The conclusion hence follows from ((M)) and (j94[) . □ 



A-^Vo(A6') Y{e) in Ci'^(S^-i), 

A^^^" V(^o(A6i) ^ joy{0)0 + WsN-iY{e) in C°^^(S^-i), 



Lemma 3.8. For all e E {0,e) and t G (2e, 3) there holds 



+ (iV-2) 



|Vue(a;)Pdx+2t / 









dv 



Proof. The stated identity follows from multiplication of equation 
integration by parts over \ _B^. 



da. 



by (a; — ei) • Vu^ and 
□ 



Lemma 3.9. For all e G (0,e), 7V+ G C^{2e,i) and 



2t 



Rt 



for all t G (2e, 3), where 
(97) Rt = 



( /p+ ulda) 



{N ^2)u,^ + 2e\Vu,Y -Ae 



dp 



da. 
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Proof. Multiplication of equation ^ by and integration by parts over D U U yield, 
for every t > e, 



(98) 

From Lemma and (1^5]) we deduee 



(99) {Dt)'{t)^- 



1 



N-2 



{\\/u,{x)f - Xlpul{x)yx + J^^ \\/u,{x)fdx 



N-2 
N-2 



L>-UC,USJ 



\\'Ue{x)\' - Xlpuiix)jdx 
1 



|VUe(x)| dx-, 



i-N-1 

2 



9ue 2e 
—We da + -j--- 



du- 2 



dv 



da 



f-N-2 



dv 



da 



dv 



da 



R. 



+ 



for all t e (2e, 3). Furthermore 

(100) (i/+)'(t) 

which, in view of (|98)). implies 



Up da 



(101) 



{H+)'{t) = - D+(t) for all t e (e, 3). 



From dMl) and pUT]) it follows that 
which yields the conclusion in view of ([M)) and (|100p . 



□ 



Lemma 3.10. For e E (0,e), let i?+ as in JgTp . There exists Cg > swc/i </ia<, /or a/Z e G (0,e), 
Proof. From dHT]), Lemmas [^?TU1 and [^TTTl and dSH), it follows that, for ah e € (0,e), 



const J ^ (e + $'^) da = const (^2^-2g7V^^_^ _^ J ^ 



<i>ida + 2^7.£^ / ^ $2rfcr 



□ 



thus implying the conclusion. 

As a consequence of the above estimates, we finally obtain the following uniform control of the 
frequency close to the right junction of the tube. 

Lemma 3.11. There exists Cg > such that, for all e € (0, min{e2, e}) and t € (2£, ro), 



(102) 



{Mt)'{t) ^ -C, 



Proof. From Lemma [2.131 we deduce that, for all t G (2e,ro) and e £ (0, min{e2, &}), 



(103) 



/ ulda^^ I {x,-lfda^^t^+^ f \e-e,\^da{e) 



The conclusion follows from Lemma 1531 Schwarz's inequality. Lemma [3. 101 and (jl03p . 



□ 



Corollary 3.12. For all e E (0, min{£2, £}) and ri,r2 such that 1 + 2e < ri < r2 < 1 + ro there 
holds 



A4(ri)«;A4(r2) + ^(^) ^ Kir^) + 



iV2^' 
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Proof. It follows from ([gij) and intcgratfon of p02p . 

Corollary 3.13. For every S > there exist rsiRs > such that 

Ne{l + Re) + 5 for all R > Rs and e e ^0, ^ 
Proof. Let 5 > 0. From Proposition 13.71 there exist fs G (0, ro) and eg > such that 



□ 



(104) 
Let i 

R> Rs and e S (O, ^) there holds 



A4(l+r5)^l + - for all £ e (Cea). 



Let i?5 > ma.x{2,fs/ mm{e2,e}} be such that jf-R^'^ < f- Then, from Corollary 13.121 for all 



(105) A4(l + Re) s; A4(l + + -j^R-"" A4(l + r^) + -j^Rj"" A4(l + h) + ^- 



The conclusion follows from (|104p and (jlOSp . 

3.2. The frequency function at the left. If e e (0, e) and r e (— ^, — e), then 

A4(r) =AA-(-r) 



□ 



where, for t G (e, -R), 

(106) U-{t) 

(107) Z?7(t) 

(108) i77(t) 

with defined in dH). 

Lemma 3.14. For t > e there holds 



He{ty 

1 



0_t 



Vue(a;)r - A|p(.T)u^(a;)]rfa: 



1 



u1{x) da, 



tf (\Vue\^ ~\lpul)da = 2t [ ^ da-{N-2)f \\'ueix)\^dx 



+ A| / (iVp(x) +x- Vp(x))u^(a:)dx, 



where v = J^(x) = j^. 

Proof. The stated identity follows from multiplication of equation ([5]) by x • Vwe and integration 
by parts over f2_t. □ 

Lemma 3.15. For e £ (0, e) and t £ (e, R) there holds 



(109) 
(110) 

(111) 



d_ 

di 
d 
di 



H-{t) 



2 



dv 



da — 



{2p{x) + X ■ Vp{x))u1{x)dx, 



dt 



•AC(t) ="2t 



/r- «?(a;) da 
^{2p{x) + X ■ yp{x))u'^{x)di 
Ir- u1{x)da 
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Proof. Since 



jD-it) = -^5^ f {\Vu,{x)\-' - Xlpul{x))dx^-^ [ {\Vu,\^ - \lpul\da. 
(jlOgp follows from Lemma [3. 141 From direct calculation, we obtain that 

jH, (t) = ^ — da, 

while testing equation ([S]) with and integration over yield 



(\\7u,{x)f - \lpul{x)^dx = - 



Ue da, 
ov 



(dj)'h--d-(h:)' 



thus implying (fTTO)) . Finally, (fTTTj) follows from (fT09|) . ((TTO| . and (7V~)' = '"^ ' "iv-"^2 



□ 



The following estimates strongly rely on Lemmas 13.41 and 13.61 



Lemma 3.16. For every S G (0,1) there exist rg G (0,-R) and eg G (Oi^) such that, for every 

£ G {0,£s), 



(112) 
(113) 

(114) H-{t,) ;^ 

(115) D-{t,)^ 



jH-jt) 2{1-6){N-1) 



for all t G (e, rs), 
for all t G (e, fg), 

{t2) for all ti,t2 G {£,rs) such that ti < t2, 



H7{t) ^ t 
iD7{t) ^ 2{1-5){N-1) 

De{t) " t 
2(1-S)(N-1) 

I 

2(l-5)(JV-l) 



(^2) for all ti,t2 G {£,rg) such that ti < t2 



Proof. From Lemmas 13.151 \3M and 13.41 we deduce that, for every 6 G (0, 1), there exist rg > 
and £s > such that, for every e G (0, £5) and t G (e, fg), there holds 



d 

dt' 



H-{t) - (|Vu,(x)p - A|p(a:)u2(a:))da: 



2(1-^) 



which yields (jll2p . From (|110p . we have that 



2(l-<5)(iV-l) 



{\^Ue{x)\'^ - X\p{x)ul{x)^dx = - / Ue do- 



H7{t) 



which, by Schwarz's inequality. Lemmas 13.61 and 13.41 up to shrinking rg > and £s > 0, for every 
£ G {0,£s) and t G {£,rs) yields 



(116) 







4 


dv 



da ^ 



(|V^e(x)p-A|p(x)^g(x)) 

1- I pT=2 |Vue(x)|2dx 



(l-|)(iV-l) 



(|VMe(2;)P - A|.p(x)w^(a;))da; 



\\/ue{x)\^ - Xlp{x)ul{x)^dx 
(\\/u,ix)\^ - Xlp{x)ul{x)yx 
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From (jl09p . (jll6p . ([T]), and Lemma [5751 up to shrinking rg > and > 0, there holds 
d 2 /" du ^ f 



j^^^^ (\Vu,{x)\' - Xlp{x)ul{x))dx 



^ 2(1-|)(7V-1) 



(5(iV- 1) 



1 



(|Vu,(x)p-A|p(x)u?(:,)^ 

(|Vu,(a:)p - \lp{x)ul{x))dx = ''^'-'^-'^ D-^t) 



2{\-5){N-\ ) f (^^ ,,,2 , , 2, _ 2(1-5)(7V-1)^_ 



thus proving (|113p . 

Estimate pi4p foUows by integration of pi2p . while pisp follows by integration of (|113p . □ 
Lemma 3.17. For every (5 > there exist Rg € (0,^), and es € (0,e) such that 

(117) ^''^-}? ^ S '^rid [ (\Vu,\'^~Xlpul)dx^^ [ \Vu,\^dx 
for every e G {0,es) and t e (e^Rs). 

Proof. From Lemma \JAM letting Sq = ^(^nZI) G (0, 1), there holds 

(118) (<i) ^ ( ~ j (^2) for every e g (0,e5o) and ^1,^2 G (Si'^a'd) such that ii < t2- 

Let us fix (5 > 0. From ([1]), Lemma and ©, there exist ^5 G (0, minlf^^, ^}) and 

£5 € (0, minjei-Q, e}) such that 

(119) p,+..vpi,^..,^__,,(j;L)*_£2i_, 

(120) A| 2Afc„ (i?+) for all e £ (0, es), 

(121) /" (iVuep - XlpuAdx [ iVwepdx, for aU e € (O,;?*-), ^ G {£,Rs) 
Jn^t ^ "7 2 

(122) / (|Vue|2 - Alpu^'jrfa, l^^£i) / |2p + x • Vpju^dx, for all £ G (0, £5), t S (e, i?^)- 

Let ^5 Rg'''^- From (jllip . (|120p . and Schwarz's inequality, we have that, for all e € iO,ss) and 
t e (£, Rs) 



(123) 
where 

2Ai fn \2p(x) + X ■ \/p(x)\uf(x)dx o\, fn+W \ 

(124) IS) := '^'^"r / \ ^ ^^feo^ V /,(t)+/4(t)) 

* (|Vue(a;)P-A|p(x)u2(x))dx * ^ ^ 

with 

In^An |2^'(a;) + x ■ Vp{x)\u^,{x)dx 

hit) ^ -f " ^ , 

{^\lu,{x)\^ ~^j,{x)ul{x)Yx 

In + X ■ \/p{x)\ul{x)dx 

(\Vu,{x)\^ - Xlp{x)ul{x))dx 
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By Holder inequality, (|12ip . Lemma [3.21 and (jll9p . Ie{t) can be estimated as 



(125) I,{t)^\\2p + x-\/p\\ 



B 



t3/5) 



f3/S 



5 
3JV 



2/2* 



for all t e (e, Rs) and e e (0, ss). On the other hand, from (|122p and (jllSp 



(126) IIS) 



dx 



/n_,3,. (|V«e(a;)P - Xlpix)u^,{x))dx J^_^ {\Vu,ixW A|p(x)u?(x; 



.^-§(N-2) 



for all t e (e,i?5) and e e (O,!?^). (IT^ . and imply that 

(127) Ie(t) ^ (5 

for ah t e (£,^a) and e e (0,65). Estimate (|TT7)) follows from (fT27)) and (|T23)) . 



da; 
(5 



4Afeo(i?+) 



□ 



Corollary 3.18. for every 5 > Q, let Rg G (0, 1) and es > as in Lem,ma \S.ll\ Then, for every 
e G (OjEa) and ri,r2 such that —Rs < ri < r2 < there holds 

A4(ri) s;A4(r2)e^('-^-'-^). 

Proof. It follows from integration of (|117p . 



□ 



3.3. The frequency function in the corridor. If e G (0,£) and < r < 1, then 

eD-{r) 



(128) 
where 



H^ir) 



|Vwe(x-)r - \lp{x)ui{x)\dx, H^{r) 



ul{x) da. 



Lemma 3.19. For all e G (0,eo) o.nd r G (0, 1) 



dUr 



dxi 



da-Xf 



dp 
dxi 



{x)u'^{x)dx, 



where = dD- \Tf) = {(0,a;') G M x R^-^ : \x'\ ^ e}. 

Proof. The stated identity follows from multiplication of equation (|8]) by and integration 
by parts over f]^. □ 

Lemma 3.20. For all e G (0,e) and r G (0, 1) there holds 



(129) 
(130) 

(131) 



dxi 



da - 



dxi 



f dp 

do- -A? / - — {x)ul{x)dx, 
Jae dxi 



dr 



/r^lfer^-ji/r, 



ui da 



(/re da 



/re 



-^A| 



/re c^t^ 
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Proof. Since 



(|129l) follows from Lemma [3. 191 From direct calculation, we obtain that 
while, testing equation (|5]) with and integrating over $7^, we have that 



dxi 

thus implying 1^,. Finally, (A^)' = e-^^^^-^f^^p^^, (ESI), and yield dE!]). □ 

Lemma 3.21. For every 5 > there exists € (0,e) such that 

(132) f / ^ -(5 /or a/; e e (0,ef) and r e (0,1), 

yVe(r) 

(133) A4(ri) A4(r-2)e''(''^-''i) /or a// e e (0,£f) and < ri < ra < 1. 
Proof. From (|131l) and Schwarz's inequality we have that, for all e G (0,e) and r e (0, 1), 

By part ii) of Lemma [3.61 for every 5 > Q there exists € (0, e) such that, for every e G (0, e^) 
and r € (0, 1), 



(135) / {\Vue{x)\'^ - \lv{x)lLl{x))dx■^^- 



^(x) 



u^{x)dx. 



Estimate (fT32)) follows from ([T34| . ([T35|) . and ([T28)) . (fT33| follows from integration of (fT32)) . □ 

4. Blow-up at the right 

Throughout this section, will denote the scaling of introduced in (p5H55|) . For every i? > 1 
we define as the completion of 

V\ := |i; e C°°(((-oo,l] X R^-^)UB+) : suppw ^ \ {(l,a;') G M x M^^i : |a;'| > i?}} 

1 /2 

with respect to the norm ( /^_oo i)xE^-i)ub+ |Vi;pfix) (which is actually equivalent to the 
norm ( i)xE"-i)us+ iVw^da; + /p+ v^da) by Poincare inequality), i.e. is the space of 
functions with finite energy in ((-cx), 1] x M^-^) UB+ vanishing on {(1, x') e RxM^-i : > i?}. 

Lemma 4.1. For every sequence e„ — > 0^ i/iere eiisi a subsequence {£nk}k and u E Ui?>2^fl 
such that 

i) Ug^^ — >■ u strongly in T-C^ for every R > 2 and a.e.; 

ii) 2 = in \ D; 

iii) u weakly solves 



(136) 



-Au{x) = 0, in D, 
w = 0, on 9D, 



with D as in 

2 



iv) u(a;) > ^{xi - 1) /or x e D+ \ B+ . 
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Proof. Let R> 2. From Lemma [^?TU1 and there exists Cr > such that 



(137) f\u,\^da^^ ful{e,+e{x^ei))da^ClfU,ix)+2^,'S?2{^^))da^C, 



for all e £ (0, ro/R). By the change of variable .t = ei + e{y — ei) we have that 

(138) M,il + Re) = ^^ . , , ^ 

where 

^B+i - {(2/1, J/') e KxM^-i : < 1- i}u {(yi, y') G MxR^-^ : 1-i < yi 1, \y'\ < l}uB+. 
From Corollary 



(139) A4(l + i?£)^A4(l+ro) + .^2A^ 

for all £ G (0,min{ro/i?,e2})- From the strong 2?^'^(M^) convergence of to ip^ ensured by 
Lemma II. 1[ we deduce that there exists some positive constant Cio > (depending on tq but 
independent of e) such that A/'e(l + rg) < Cio for all e G (0,eo), so that (|137H139|) yield 

(140) / (|VSfa2/)P-A|eVei+e(2/-ei))S^(y))dy<; fCio + ^j^ 



^ c 



R 



no 



N2^ J R 

for all e G (O, min{ro/-R, £2})- From (jl40p . Lemma [3.61 and assumption ([2]), we obtain that 



(141) 

for all £ G (0, min{ro/i?, £2, £2,2AfcQ(_D+)p})- In view of (|137p and (|14ip . we have proved that for 
every R > 2 there exists er > such that 

(142) {"e}ee(o,£n) is bounded in H^. 

Let £„ ^ 0+. From (|142p and a diagonal process, we deduce that there exist a subsequence 
£nfc 0+ and some m G U_R>2^/i such that Ue,,^^ — ^ u weakly in T-L^ for every R > 2. In 
particular u^^^ — )■ u a.e., so that u = in \ Z?. Passing to the weak limit in (1571) . we obtain 
that u is a weak solution (jl36p . By classical elliptic estimates, we also have that u^^^ — >■ u in 

C^{B^^ \ Bti) for all 1 < ri < r2. Therefore, multiplying p36p by u and integrating over Ui?^ 
with Tj~ as in ([2^ . we obtain 

(143) / ^ Ue da ^ —uda= / |Vu(a;)rda; as fc -J> +00. 

On the other hand, multiplication of (|67p by Uj^^ and integration by parts over ^"^r^^i yield 

(144) / \\7u^^ (x)\^dx^[ ^^^^u^^ da + Xl"" el [ p(ei + £„, (x - ei))^^ (a;) dx. 
We claim that 

(145) £^^ / p(ei + £„^(.T - ei))w^^ (x) da; ^ as fc ^ +00. 

Indeed, from Lemma for every S > there exists fco such that for all fc ^ fco 

P(2/X {y)dy [ \\7u, {y)\^dy 
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and hence, from the change of variable y = ei + e„^ (x — ei ) , assumption 1^ , and (|14ip , we deduce 
that 



= (5 



thus proving claim (|145p . Combining (|143p . (|144p . and (|145p . we conclude that ^ 

and then u^,,^ — >■ w strongly in Ti^ for every R > 2. 

To prove iv), it is enough to observe that Lemma 12.131 implies that, for k large, 

"e„, (x) > ^(^1 - 1) for aU X e \ ^2+, 

which yields iv) thanks to a.e convergence of u^^^ to u. □ 

Remark 4.2. We notice that the function u found in Lemma HTTl satisfies 

\\/u{x)\'^dx = +00. 

Indeed, /g |Vu(x)pda; < +oo would imply, by testing (|136p with u, that w = in D, thus 
contradicting statement iv) of Lemma 14.11 

Lemma 4.3. Let u be as in Lemma \4.1\ and, for r G M\ (1, 2), let Mz{r) be the frequency function 
associated to u, i.e. 



/p u{x) da ' 
with fir and Tr defined in {24^ and A^^r) as in ()49p. Then 

i) lim,-_>+ooMl(r) = 1; 

ii) there exists c > such that /^_|_ |V(S — c{xi — l))(x)p dx < +oo. 

Proof. We notice that A/a is well defined in R \ (1,2) in view of equation (|136p and classical 
unique continuation (in particular u ^ by part iv) of Lemma k.ip '). Let us first prove that 

(146) limsupA/'s(r) 1. 

Indeed, letting e„ — > 0"'' and {enk}k as in Lemma [4.11 passing to the limit as fc -> +oo in (|138p . 
and using (|145p . we have that 

lim 7Ve„ (1 + i?e„J = A/s(l + i?) for every i? > 0, 

which, together with Corollarv l3.13l implies for every S > the existence of some Rs such that 

^/■^(l + i?) ^ 1 + (5 for aU i? > Rs, 

thus proving claim (|146p . 

It is easy to prove that there exists g E Hl^^{D^) such that 

-A.g = 0, ini:>+, 
g ^u, on dD^ , 

Jd+ \^9ix)\^dx < +00, 

i.e. g is a finite-energy harmonic extension of ^1^^^. in We observe that the Kelvin transform 
gix) = \x - ei|~(^~^)g( + ei) belongs to H^{B^) and weakly satisfies 

i-Agix)=0, mB+, 

\g{x) = 0, on {{xi,x') : xi = 1,|2;'| < 1}. 
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By classical elliptic estimates, there exists Cg > such that \ -q^\ ^ Cg in B^^^, thus implying 



1/2' 



ds ^ Cg(x\ — 1) 



for all G i?jy2- Then 

(147) 



Xl — 1 



for all X e \ i?^. Let us observe that the function v := u — g £ Hl^^{D^) \ {0} satisfies 
(148) 



-Au(x)=0, ini:>+, 
V — Q, on dD'^, 

Jg+ \yv{x)\'^dx < +00, for ah r > 0. 



Let us define 



AA„ : (0, +oo) ^ R, K,{t) 



tJs^\Vv{x)\^dx 
/p+ v^{x) da 



Direct calculations yield 



2t 



(149) Kit) 



(/r+ '"'^d.'^ 



, for all t > 0, 



where i' = i^ix) = jf^rfTj- particular, Schwarz's inequality implies that Afy is non decreasing in 
(0, +oo). From Remark 13.51 it follows that 



(150) 



Afy{t) ^ lim Afy(r) ^ 1 for all t > 0. 



From (|147p and Lemma [4.11 it follows that, if a; € F^ and t > 2, then 



2cg 



u{x) ^ u(a;) ^ 1 + 



w(x). 



so that 



1_ 2cg 



w^dcr < / v^da ^ I 1 



2cg 



II? da 



for all i > max {2, (2c<,/C5)^/^}. Let us fix J > 0. For every R > 2 there holds 



Jb+ 



x)\^dx-{l + S) \Vu{x)\^dx 



^ / \\/g{x)\'^dx-2 Vg{x)-Vu{x)dx-6 I \Vu{x)\'^dx 
Jb+ Jb+ Jiln+i 



^ 1 



\Vg{x)\^dx+- I \sJu{x)\^dx-5 \Vu{x)\'^dx 
2 Jb+ 



and hence, for aU R > max {2, (2cg/C5)^/^}, 

(1 + 6) ^/n«+J^"(^)l'^^ 



(151) A/;,(i?) s; 



1 + 1 Jg^\Wg{x)\^dx 



/p+ u'^da 



a + s) 



1+2 J^^\yg{x)['dx 



(1 _ |.i?-A^)2-^"^^ + 1^' + 1 + <5 J^^2. 
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On the other hand, for every R > 2 there holds 
\\7v{x)\^dx - (1 - (5) / \\7u{x)\^dx 

|Vu(x)pda;+ / \Vg{x)\'^dx - 2 I V g{x) ■ Vu{x)dx + 5 I \Vu{x)\^dx 



H+l 



> - y \\/u{x)\''dx + (^1 - j ^ \\/g{x)\''dx 



and hence, for all R > max {2, (2cg/C5)i/^}, 

(152) A/;(i?)^ ^ U-Nuix^dx 1-1 /B+|V.g(x)|2dx 



(l + ||i?-JV)2 \^ 1 - S J^^^jVu{x)\^dx l-S J^^^^jVu{xWdxJ ■ 

Since /g+ |Vg(x)pdi- = 0(1) and /fj^^^ |Vu(a;)pc?a; +oo as i? — > +oo (see Remark IT^ . passing 
to lim sup and lim inf the in (jl51H152"|) we obtain that 

(1 - 6) lim sup TV's (i?) < limsupA/'„(i?) ^ (1 + (5) lim sup TV's (i?) for ah S > 0, 

(1 - S) lim inf TV's (i?) < lim inf TV^,(i?) (1 + (5) liminf A/s(-R) for all S > 0, 
thus implying, in view of from (jlSOp . 

(153) liminfTVs(i?) = lim inf TV^,(i?) ^ 1, 

i?— >-oo R^oo 

and, in view of p46[) . 

(154) 1 ^ lim sup TV's (i?) = limsupTV^,(i?). 

R~^oo R-^oo 

From and we deduce that 

(155) lim A/s(i?) = lim K,{R) = 1, 

thus proving statement i). Furthermore (|155p . (jlSOp . and the fact that f\fy is non decreasing imply 
that 

(156) TV„(t) = 1 in (0,+cx)). 
Therefore TV^(i) = for any t > 0. From piS)) we obtain 

2 

v^da ] for all t > 0, 



which implies that v and ^ have the same direction as vectors in L^(r^), i.e. there exists a 
function rj = ri{t) such that f^(ei + t6) = ri{t)v{ei + t9) for t > 0. After integration we obtain 

i;(ei + te) = eJi ''(")''^t;(ei + 6*) = V3(i)V(f ) t > 0, 6* e 

where S^J^^^ {9 = {61,62, ■■■ ,9n) e S^^^ : 61 > 0}, ^(t) = e/i' and V'(f) = v{ei + 6). 
Since w satisfies (|148p . then 

,"(i) + ^^^'(t)) v^(0) + ^As.-.m = 0. 



Taking t fixed, we deduce that -0 is an eigenfunction of the operator — Agw-i on §_|_ under null 



Dirichlet boundary conditions on dS^ ^, i.e. there exists Kq G N, Kq ^ 1, such that 



(157) 



I -As«-i^ = A'o(TV - 2 + /io)i^, inS^"- 
|V = 0, on dS^-\ 

Then ip{t) solves the equation 

, A-o(jV-2 + Xo) 
(t) + -^—ip{t) Lp{t) = 
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and hence is of the form 

for some Ci,C2 S M. Since, by elliptic regularity theory, v is smooth in £)+, 02 must be and 
tf{t) = cit^° . Since = 1, we obtain that ci = 1 and then 

(158) v{ei + te) = t^"ipi9), for aU t > and 6* e S^"\ 

Substituting (|158p into (jl56[) . we find that 1 = J\fv{t) = Kq and therefore Kq = 1. Being — 1 the 
first eigenvalue of problem (|157p . ip is simple. Hence there exists c € M such that V'(^) = and 
v{x) = c(xi — . Lemma |4. II part iv) and estimate (jl47p imply that c > 0, thus proving ii). □ 

Corollary 4.4. Let u he as in Lemma \4. 1\ and c as in Lemma \4-S!\ Then 

U = CT{XI - 1) = C$1 

where $1 is defined in {3^^ . 

Proof. It follows from Lemmas 14.11 and 14.31 taking into account Lemma 12.41 and the fact that 



Lemma 4.5. For every R > 



lim J\fM - Re) = Mil - R), 

E-J-0 + 



with M as in 

Proof. Fix i? > 0. Let £„ — 0+. From Lemma HTTI and CoroUarv 14.41 there exist a subsequence 
{crifclfc and c > such that u.^^ — ;> c$i strongly in "H^ for every r > 2. By the change of variable 
a; = ei + e{y — ei), we have that, for e < -i, 

(159) M,{l-Re) = ^^^ L_ 

where Ti-n is defined in and 

^l-R ■■= {{V1,V') e KxM^-i : yi < 1 - i} U { (yi, y') e MxM^-i : I- \ y, <^1- R, \y'\ < l}. 

From strong convergence of to C$1 in for every r > 2, passing to the limit in (jl59p along 
the subsequence {Srifclfe and using (|145p . we obtain that 

hm Af. (1 - Ren,) = 1 /-^^ x , — = — — , , = Af(l - R), 

'""^ "^^ /p^_Jc$i)2(y)da J^^_^<i>l{y)da 

where ^Ii-r is defined in (|24p . Since the limit depends neither on the sequence {e„}„gN nor on its 
subsequence {enklfceN, we conclude that the convergence actually holds as e ^ 0+ thus proving 
the lemma. □ 

Lemma 4.6. For every R> and S > 0, there exists eii,s € (OjS) such that 



Afeir) < (1 + (5) VMS) for all r e {0,Re] and e € (OJr^s)- 

Proof. Let (5 > and choose S' > sufficiently smaU such that (1 + S')'^e^' < 1 + S. From 
CoroUarv 12.61 there exists Rg > such that 



(160) M{l-Rs)<{l + S')^X^. 
From Lemma [475I there exists es > such that 

(161) Afe{l-Rs£) <{l + S')Af{l-Rs) for all ee (0,65). 

Let R> 0. Letting ef as in Lemma [MD and using ([TMl) . pTO)) . and for aU r e (0, Re) and 

< £ < min ^es, ef , | we obtain 

A4(r) s;A4(l-i?A-£)e^'(i-^-^^-'-) < (1 + 6')^e'' ^/X^) < (1 + 6)^X^. 
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The lemma is thereby proved. □ 

5. Blow-up at the left 

Let us define 



(162) u.-M^^R, Ue{x) 



where 

:= {x e : ex e O^} = U G Ti : s: xi s: 1/e} U {(cci, x') : xi > l/e}. 

We observe that solves 



(163) 

We denote 



— Aue(x) = £^A|p(ex)Me(x), in fJ^, 
— 0, on dVl'^ 



T+ = {{xi,x') : \x'\ < l,xi ^0}, i5 = i:>-UT+. 
For every i? > we define 

(164) hn = D-U{{xi,x')eT+:xi<R}, fR = Tn = {{xi,x')€T+:xi=R}, 
and Jifi as the completion of 

Vii |t; e C°°(f^i?) : suppu d i)| 

with respect to the norm ( J^^^ jVupda;)^^'^ (which is equivalent to ( J^^ jVupiix + /p^ u^dcr)"'^^^), 

i.e. T-Lr is the space of functions with finite energy in fi^ vanishing on {{xi,x') G dQ,R : xi < R}. 
The change of variable y' = ex' yields 

(165) / u^dcr = 1. 
Lemma 5.1. For every R> 1, there exists e/j > such that 

-2, 



'da < eV^i(S)(i?-i) ^ g (0,£i?). 



Proof. For R > 1, let e/^ = e/j.i > as in Lemma \TM From Lemma \TM (|130p . and (jl28p it 
follows that 

^j^;^!"^ = -A4(r) s; - VMS) for all r € (0, i?£] and e e (0, £«), 
which after integration between e and i?e yields 



i/,^(i?£) < if,^(e)e4vM^(«-i) for all e £ (0, ^ij). 
(|162p and the change of variable y' = ex' yield 

^2, i?,"(i?£) 

thus implying the conclusion. □ 

Lemma 5.2. For every sequence e„ — > 0^ there exist a subsequence {enk}k o-'nd u G Ui?>i^fl 
such that 

i) Ug^^ — > u strongly in Hr for every R > 1 and a.e.; 

ii) u ^ in D; 

iii) u weakly solves 



(166) 



-Au{x) = 0, in D, 
u = 0, on dD. 
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Proof. Let R > 1. By the change of variable x = ey we have that, for e E (0, min{l/i?, e}), 

(167) KiRe) = ^ ' 

From Lemma [131 for every S > there exists er^s > such that 



(168) AfeiRe) < (1 + (5)v/Ai(S) for aU s G (0, £>*-)• 
Choosing 6 = 1, from (|167p . (|168p . and Lemma we have that 

(169) / (\VuM\' ~ ^leMey)uUy))dy f uUy)d<j^2^M(^)e''V^)iR-^) 

for aU £ £ (0, iu), where iu = £b..i > (accordingly with the notation of Lemma ISTTj) . From (jl69p 
and Lemma |3.6[ we obtain that for all e G (0, min{e/j, e2^2Afc^ (_D+)p}) 



(170) / |Vwa2/)l'^^y < 4yMS)e4VM^(«- 



In view of (I170D and Lemma [Ol we have that for every i? > 1 there exists eu > such that 

(171) {ue}ee{o,ER} is bounded in Hb- 

Let e„ 0+. From (|17ip and a diagonal process, we deduce that there exist a subsequence 
Srifc — O"*" and some u € U_r>i such that u^^^ u weakly in T-Lr for every i? > 1 and 

almost everywhere. From compactness of the embedding T-Ln ^ L/^iTi) and p65|) we deduce that 
v?da = 1] in particular u ^ 0. 

Passing to the weak limit in (jl63p . we obtain that w is a weak solution ()166p . By classical elliptic 
estimates, we also have that Ue^^ — u in C^({(a;i, x') G : ri ^ xi ^ r2\) for all < ri < r2- 
Therefore, multiplying (jl66p by u and integrating over il^, we obtain 

f due„ r du r 

(172) / ^-^Ue da^ / ^—uda= / |VM(x)P(ia;. 
Jf^. 9xi " Jf^ dxi Ji^^ 

On the other hand, multiplication of (jl63p by Ug^^ and integration by parts over f2fl yield 

(173) / \Vu {x)\'dx= f ^^u,,^^da + X^^elf p(er.,x)ul {x)dx. 
Jur Jfr oxi 

We claim that, for every R > 1, 

(174) £^j^ / p{en^x)u'^ {x)dx^O as n — +oo. 
Indeed, from Lemma l3^ for every S > there exists fcp such that for all k ^ ko 

p{y)u'.{y)dy ^ 5 I \Vu,{y)\''dy 



and hence, from the change of variable y = £„j.a; and (jl70p . we deduce that 

L Pi^n,x)ul^^ {x)dx = — ^ / , p{y>l„_ {y)dy 



Le„j^ ui da Jq'" 



6 I |Vue„.(a;)|'da; 45v/M^e4%Ar(^(«-i)^ 



thus proving claim (|174|) . Combining (|172p . (jl73|) . and (|174p . we conclude that \\u^^^ M-Hr ^ II^II-Hh 
and then u^^ — > u strongly in "Hi?, for every R> I. □ 
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Remark 5.3. Wc notice that the function u found in Lemma [STU satisfies 

/ \Vu{x)fdx = +00. 
Jd 

Indeed, Jg \Wu{x)\'^dx < +00 would imply, by testing ()166p with u, that u = in D, thus 
contradicting statement ii) of Lemma 15.21 

We also observe that, denoting as H{r) = u^da for all r > 0, multiplication of (|166p by 
and integration over fl^ yield 

-^^(r) = 2 / u^dcr 2 / \yu{x)\'^dx [ \Vu{x)\'^dx ^ +00 as r ^ +00, 



u 



thus implying that 



lim H{r) ~ lim / u^da = +00 

1 — >-^-oo r— )-+oo 



Lemma 5.4. Letu as in Lemma \5.2\ and, for r > 0, let Muir) be the frequency Junction associated 
to u, i.e. 

fa \Vu{x)\'^dx 
J^u{r) = \' \" , r>0, 
Jp u{x) da 

with D,r and defined in (fTOj. Then 



ii) there exists c G M \ {0} such that j^,^ |V(u — c/i)(j;)p dx < +00, 
where 



(175) h:Ti^R, h{xi,x') = f{l-xi,x')^e\^^^'''ijf{x'), 

being f defined in \26\) . 

Proof. Letting e„ -> 0+ and {£nk}k as in Lemma [521 passing to the limit as fc — > +00 in (|167p . 
and using (|174p . we have that 

lim Ne„ (RsnJ = J^u{R) for every R> 0, 
which, together with (|168p . implies that, for every S > and R> 0, 



^fs{R) ^ (l + 5)v/Ai(S). 

Therefore 



(176) J^uiR) ^ VMS) for every R>0. 

It is easy to prove that there exists C G -^^locC^i) ^ L°°{Ti) such that 

■-AC = 0, inTi, 
C = w, on dTi, 

Jti |VC(a;)pda; < +00, 



i.e. C is a finite-energy harmonic extension of u\g^ in Ti. Since w{xi,x') = e 2 -0^^^^ 

harmonic and strictly positive in Ti, bounded from below away from in {{xi, x') £ Ti : xi ^ 0}, 
and -^^(1 Vwp + jwp ) < +00 for all r, from the Maximum Principle we deduce that |C| ^ const w 
in Ti, thus implying that, for some C|j > 0, 



|C(a;)| s; cce-V^^T" for all x G Ti. 
Let us observe that the function v := u — ( E Hl^^{Ti) \ {0} satisfies 

('-A^(.t)=0, inTi, 
|u = 0, onSTi. 
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Wc notice that v ^ in view of Remark 15.31 Let 



/p iP {x) da 



be as in Lemma [2.51 where, for all r € M, Ti.r and are defined in (f571) . From Lemma [2.51 it 
follows that Ng is non decreasing in R and 



(177) Ng(t) ^ lim 7V5j(r) ^ ^/Xi{^) for alH G 1 

r^ — oo 

For a\\R>0,5e (0,1), 

/ d^da -{l-S) / u^da = / C^da - 2 / C^tf^cr + (5 / u^da 



and 



|Vw(x)|^da;- (l + (5) / |Vu(x)|^dx 

^/ |VC(a;)pda;-2 /" VC(x) • Vu(2;)da; - (5 / |Vw(a;)pd2; 
^(l + IM |VC(a;)Prfa; + ^ / \yu{x)\^dx~5 f \Vu{x)\^dx 



thus implying 



1 + 5 ^ l + iJ fo \Vu{x)\'^dx 
(178) iV,(i?) ^ -^A/-s(i?) 2, " 2 • 

(l-^)(^-l)/r«^^'da 

On the other hand, for aU i? > 0, (5 G (0, 1), 

/ v^da -{1 + 5) I u^da = j C^da -2 1 Quda -6 j u^da 

and 

f \yv{x)\'^dx-{l-5) f \yu{x)\'^dx 

Ti^R ^^R 



\Vu{x)\-'dx+ \VCix)\ dx~2 VCix) ■ Vu{x)dx + S \Vuix)\^dx 

D-\Ti Jti,r JTi,r Jur 

^- [ \yuix)\^dx+(l-j] [ \yC{x)\'^dx-^ [ \yu{x)\^dx + 5 [ \Vu{x)\^dx 

Jd- V °JJti,r ^ JTi,r Jur 

^-J \Vu{x)fdx+ (^l-^'j J |VC(x)|2dx, 
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thus implying 

\Vu{x)\^dx 1 - I /t,,h \yax)?dx 



1 - 



(179) iVff(i?) ^ — — AAs(i?) 



1-5 cr (1 - ,5)/^,^ \Vu{x)\Hx 1 - <5 /^^ \^u^x)\Hx 



Since /^^ ^ |VC(a;)pdx = 0(1), /f^^ |Vw(.T)pda- +cx), and J^^u'^da — +oo as i? +oo (see 
Reniark l5.3p . passing to limsup and liminf in (|178II179")) wc obtain that 

^ — J hnisupA/s(-R) =^ hmsup A'^5(i?) s$ 7— r hmsupA/5(i?) for all (5 > 0, 

1 + ij-j-oo H-s-oo 1—0 R^oo 

^—^ liminf A/s(i?) liminf iVj;(i?) ^ i-t^ liminf 7Vs(i?) for all S > 0, 

1 + R^oo R^oc 1 — 5 R~^oo 

thus implying, in view of (jl77p . 

(180) liminf 7Vs(i?) = liminf iVp(i?) ^ a/Ai(S) 

and, in view of (|176p . 



(181) VMS) ^ limsupA/'s(i?) = limsup A^5?(i?). 

From (fTSO)) and (fTM|) we deduce that 



(182) lim 7Vs(i?) ^ lim iV5;(i?) = VM^, 

thus proving statement i). Furthermore (jl82p . (|177|) . and the fact that Ng is non decreasing imply 
that 

Ng{t) = v/Ai(I]) in M. 

From Lemma [2.51 iii). it follows that there exists c G M \ {0} such that vixi^x') ~ ch(xi,x') with 
h as in (|175p . Since Jj,^ |V(u — ch){x)\'^ dx = |VC(a;)p da; < +00, also claim ii) is proved. □ 



Corollary 5.5. Let u he as in Lemma \5.2\ and c as in Lemma \5.4\ Then 

u(xi,x') = C'^2{1 — Xi,x') 

where $2 is o,s in Lemma \2.7\ 

Proof. It follows from Lemmas 15.21 and 15. 4[ taking into account Lemma [2.71 □ 
Let us define ^{xi,x') :— ^2(1 ~ xi,x') and, for all r < —1 



(-r)^jV$(x)pdx 



with rtr as in (|76p and r„^ as in so that, according to notation of Lemma l3.3[ J\f{r) — N~ (— r) 
for all r < — 1. 

Lemma 5.6. limr-i.-oo A/'(r) = — 1. 

Proof. The proof follows from Lemma [?751 and Remark 1^751 □ 



Lemma 5.7. For every R > 1 



lim^A4(-i?e) =Afi-R). 



Proof. Fix R > 1. Let £„ — 0+. From Lemma and Corollarv l5.5l there exist a subsequence 
{Crifclfc and c 7^ such that u^^^ — >■ c$ strongly in Hr for every ?- > 1. By the change of variable 
X = ey we have that, for e € (0, e) and R> 1, 



(183) ^^ei-Re) = — --^ . w 
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with fl-R and as in (|76|) and ^ respectively. From strong convergence of U£„^ to c $ in for 
every r > 1, passing to the hmit in (jl83p along the subsequence {Snk}k and using (jl74p we obtain 
that 

Since the limit depends neither on the sequence {en}n6N nor on its subsequence {Sn^}keN, we 
conclude that the convergence actually holds as e — > 0^ thus proving the lemma. □ 

Lemma 5.8. For every 6 > there exist Kg > 1, kg £ (0, 1), and ps G (O, , such that 

(184) U,{r)^N-l + S and [ (\\/u,\'^ - Xlpuf)dx ^ ^ [ \\/u,\^dx 

for all r G (— fc^, —Kge) and e G (0, ps). 

Proof. Let 6 > and fix S' G (0, 1) such that 

(iV - 1 + 26')e^' =N -1 + 5. 

From Lemma [521 there exists some Ks > 1 such that Af(—Ks) < N—l + S'. From Lemma [577l there 
exists some e'g > such that, for ah e G (0, e^), Ue{-Kse) < Sf^-Ks) + S' < N - 1 + 26'. Letting 
Rs', £51 as in Lemma [3 . 1 71 and Corollarv l3.18[ we have that for all e G (O, min {e^, £5/, .Ra'/Xa}) 
and r G {—Rs', —Ks^) 

Afe{r) s$ J\f,{-Kse)e^'^''^' ^ (TV - 1 + 2d')e^'^'^' N - 1 + 5 

and (|Vue|2 — X^^pul^dx ^ ^ Jq jVuepda;. Then the lemma follows choosing ks = Rs' and 
ps = min { , es' , Rs' /Kg } . □ 

6. ASYMPTOTICS AT THE LEFT JUNCTION 

Throughout this section, we fix i5 G (0, 1) so that N — \ + 6 < N . Let us denote K — Ks > 1, 
k = ks & (0, 1), and p = ps & (O, -|r) with Ks, ks, ps as in Lemma so that 

(185) Afeir) ^ N -1 + 5 < N for all r G (-fc, --^e) and £ G (0, p). 
Let us denote 



(186) U,{x) 



with F~ as in Let us notice that, for e G (0,£o), 11^ solves 



-AUe = xipUe, in ^^^ 

Ue = 0, on dfl" 



(187) 
and 

(188) J U^da = 1. 

Proposition 6.1. For every sequence £„ — )■ 0+ there exist a subsequence {£n^}k and a function 
[/ G C2(L>-) U (Ut>o^r) such that 



i) Ue^^ — > U strongly in TLf. for every t > and in C^(B^,_^ \ B^_^) for all < ti < t2; 

ii) U^O in D' ; 

iii) U solves 



(189) 



-AU{x) = Xk„(D+)p{x)U{x), luD-, 
t/ = 0, ondD-; 
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iv) if Mu : (—00,0) — > R is defined as 

(-0/0. (|V[/(x)p - X,,iD+)pix)UHx))dx 
^= ^ J,-_mix)da 

then 

(191) Afu{r)^N-l + S for all r e i-k,0). 

Proof. Letting H-{t) as in ([lM| . from ([TTU)) . and Lemma [Ol it follows that 

^* ; = — Ki-t) ^ 

Hr{t) t ' ^ t 

for all t £ {Ke, k) and e € {0, p), which after integration yields 

(192) H-{t) P'^H-{k)t-^^ for aU t e {Ke, k). 
From (dHU), piroi) - (ITU5)) . (HHl), and LemmalS]! we deduce that 

^ / \\7U,{x)\^dx^ f (\\7U,{x)\^ ~Xlp{x)U^{x)yx 

L (\\/u^{x)\'^ - Xlp{x)uf{x))dx fN-2 n'(i\ 

Ir-^^da fcw-i ^if-(fc) ^ 

for all t S (Ji^e, fc) and e € (0, p). Hence for every t > 

(193) {^e},e(o,min{p,t/x}) is bounded in Ht . 

Let — > 0+. From p93p and a diagonal process, there exist a subsequence e„^. — >■ 0+ and some 

U £ U_R>o such that U^^^ U weakly in for every t > and a.e. in D~ . From compactness 

of the embedding ^ L^(r^), passing to the limit in ()188[) we obtain that /p- [/^dcr = 1; in 

fc 

particular t/ ^ in _D~. Passing to the weak limit in (jl87p . we obtain that [/ is a weak solution 

to (|189p . By classical elliptic estimates, we also have that Ue„ — > U in C^{B^^ \ B^^) for all 
< ti <t2- Therefore, multiplying (|189p by U and integrating over il^n we obtain 

(194) / ^^u.da^f ^Uda^-f (\VU{x)\^ ^ Xk„{D+)p{x)U\x))dx, 

being v ~ i^{x) = j^. On the other hand, multiplication of (|187p by U^^^ and integration by parts 
over ri„t yield 



(195) {\VU,^Jx)\^-Xlp{x)Uf{x))dx = - 

Since weak 'Hj'-convergence of U^^ to U implies that 



-t/p„ da. 



(196) / p{x)U^^ {x)dx ^ / p{x)U^{x)dx as fc ^- +00, 

combining pM)) . ^^5)) . and pM)) . we conclude that llC^e„Jlw^ ^ llt^ll-H^ ^nd then C/.^^ [/ 
strongly in "H^" for every t > 0. 

Finally, we notice that strong "H^ -convergence of U^^^ to U implies that, for every r < 0, 

(-^)/o (|Vf/s„Ja;)p - Xlp{x)Ul {x))dx 
AA.„JO = /p„^t/^J.)d. ^^-W asfc^+00, 

hence, passing to the limit in (|185p as £ = 0, we obtain (jl9ip and complete the proof. □ 

Lemma 6.2. Lei U be as in Provosition \6. 1\ and let Mjj : (—00, 0) — > M 6e the frequency function 
associated to U defined in (|190p . Then 

(i) limr^a- Nu{r) = N -1; 
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(ii) for every sequence A„ — > 0^ there exist a subsequence {Xn^.}k Ciud some constant c G K \ {0} 
such that 

strongly in Ti.^ for every t > and in C^{B^^ \ B^_^) for all < ii < t2, where 

(197) Hu{X):=^ J^_U'{x)da. 

Proof. We first notice that, letting £„ 0+ and {£nj.}fc as in Proposition 16.11 passing to the 
limit as k +oo, from (jl84p and strong "Hj^-convergence of U^^^ to U we obtain that 

(198) ^ (\WU\^~Xk,{D+)pU^)dx^^J^ |V[/pdx 
for all r e (— fc,0). In particular 

(199) Afuir) ^ for aU r e (-fc, 0). 
Arguing as in the proof of Lemma |3.15[ we can prove that, for all r < 0, 

(200) ^J^^j(r) =,^i{r) + iy2ir), 

ar 

where 

(/r- m"do)U^- UHx)da)~(j^- U^daV 

(201) vi{r)^-2r-^^ / V / 



(202) i^^ir) = X,„{D+) 



[j^-^U^ix)da) 
J^^^{2p{x) + X ■ Vp{x))U'^{x)dx 



/p- U'^{x)da 
Schwarz's inequality implies that 

(203) vi{r) ^ for all r < 0. 

Furthermore 

\vn{r)\ ^ fo \2p{x)+x-Vp{x)\U'^{x)dx 

' ^ Xk,{D+) —-^ — ^ 5, for ah r e (-fc,0). 



•^t^W " {-r)^^^{\VU{x)\^-\kAD+)p{x)U^{x))dx 



where the last inequality is obtained passing to the limit as e = £„^ 0+ in (jl27p . Hence from 
(11911) we obtain that 



(204) |i/2(r)| s;(5(iV-l + (5), for aU r € (-fc, 0). 

From ([205)1 and (pM)) it follows that -§^Nu is the sum of a nonnegative function and of a bounded 
function on (— fc, 0). Therefore Nu{t) = Afu{—k) + /^j.(j^i(s) + 1^2(5)) ds admits a limit as r — ;> 0+ 
which is necessarily finite in view of (jl91|) and (jl99p . More precisely, denoting as 

(205) 7 ~ lim Afu{r), 

r^O- 

(fT9T1) and (fT99)) ensure that 

(206) je[0,N-l + S]c[0,N). 
For all a; e and A > 0, let us consider 

(207) U\x) J12^ 

where Hu{\) is defined in (|197p . We notice that 

(208) / Ulda = 1. 
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Furthermore, by direct calculation (see also the proof of Lemma 13.151 which is analogous), we have 
that 

(209) |M^ = _2^^,(_A)^-|(7V-l + <5) forallAe(0,fc), 
which after integration yields 

/\ ^2{N~1+S) 

(210) HuiXi) ^Hui\2)iYj forallO<Ai <A2<fc. 
From PM)) . (prU)) . and ([TOT]) , for every t G (0, 1) and A G (0, k/t), we have that 

(211) / \VU\xrdx ^ t^-^ ^y,l ' < 2t^~^r^(^~^+^)A/-t;(-At) 

Hence for every t € (0, 1) there exists At > such that 

(212) {U^}xe{o.\t) is bounded in . 

Let A„ 0^. From (j212p and a diagonal process, we deduce that there exist a subsequence 
A„^. 0+ and some U € Ut>o ^t" such that J7 ^ U weakly in 'H^ for every t > and a.e. in 
. Since C/^ solves 

{-AU^{x) = \^Xk„{D+)p{Xx)U^{x), in D", 
W^ = 0, ondD^, 



(213) 



passing to the weak limit in (|213p . we obtain that U satisfies 
(214) 



-AU{x) = 0, inD-, 
[7 = 0, ondD-. 



By compactness of the embedding Hi ^ L^(r^), passing to the limit in (|208p . we have that 
/p- C/^dcr = 1. In particular U ^0. 

From Lemma [3.61 for every a > there exists fee G N and > such that for all k > ka and 

i ^ {^Uf^ ; ) 

/ b(x)|i7|^ ix)dx ^ a / |Vf/e„ (a;)pdx. 
Strong "Hj^ -convergence of U^^^ to U then implies that 

\p{x)\U^{x)dx < Q / |VC/(a;)|^dx, for all t e (0,ia). 



Hence, by the change of variable x = Xy and (j21ip . we obtain that, for every s > 0, 

X^ f \p{Xy)\\U^{y)\^dy^a f \WU^{y)\''dy ^ 2as-^-^\N-l+S), for all A < niin | — , -|, 

thus implying that, for every s > 0, 

(215) A^ / b(Ay)||C/\y)|2d2/^0 asA^O+. 



By classical elliptic estimates, we also have that [/^"^ — > [/ in C^(i3,-2 \ i?ri) for all < ri < r2. 
Therefore, multiplying (j214|) by U and integrating over fi^t, we obtain 

(216) / ^^C^U^-i'da^ f ^Uda^- f \VU{x)\^dx, 
Jr- ou Jr- dv Jn_, 

while multiplication of (|213p by [/'^"fc and integration by parts over il^t yield 

(217) / \VU^"^\'dx = - f ^E^u^^^da + Xl^Xk,XD+) I p(Xn,x)\U^-^{x)\'' dx. 
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Combining ((^17)) . and dUSl), we conclude that \\U\\^- and then U^"" U 

strongly in for every t > 0. 

From (|190p . strong convergence U^"'' U in Ti^ , and (|215p . we have that, for every t > 0, 



(218) AAc;(-a„J = 



dx 



/p- U^{x)da 



tj^_^ \VU{x)\^dx 



dx 



7 for all t > 0. 



^ as fc — +0O. 

Combining pOSp and piSp we conclude that 

tJn_jyU{x)\'dx 
/p- U'^{x)da 

From Lemma [231 there exists A'o € N, A'o ^ 1, such that 
(219) 7 = iV - 2 + A'o 

and U {x) = \x\^^^'^^^°Y{x/\x\) for some eigenfunction Y of — Agiv-i associated to the eigenvalue 
Ko{N - 2 + ATo), i.e. satisfying -A^n-iY = Ao(iV - 2 + ATq)!" on S^-^. From 1^^^ and (EH]) 
we infer that necessarily A'o = 1, so that 

7 = A^-1 and U{x) ^\x\-^+^Y{xl\x\). 

From [/ = on dD' , we deduce that y = on {6* = (6*1, 6*2, . . . , ^w) € S^"^ : 6*1 = 0}, hence 
r is an eigenfunction of -As«-i on S^"^ = {9 = {61,62, ■■■ ,0n) e S^"^ : 6*1 < 0} under null 
Dirichlet boundary conditions associated to the eigenvalue — 1 . It is easy to verify that iV — 1 is 
the first eigenvalue of such eigenvalue problem and hence it is simple; furthermore an eigenfunction 
associated to the eigenvalue A^ — 1 is 6* = {61,62, ■ ■ ■ ,6^) & 1— ?> 61. Therefore we conclude 
that there exists some constant c G K \ {0} such that Y{6) = c6i and then 

The proof is thereby completed. □ 
Lemma 6.3. Let U as in Provosition \6. 1\ and let Hit : (0, +00) — > M &e defined in (jl97p . Then 

(i) Hu{X) e2*(^-l+*)^fc2(Ar-l)^^(^)^-2(W-l) ^ ^ (o,fc); 

(ii) for every g> there exists Xg > such that Hu{X) ^ Hu{Xg)Xl^^~^~^'^ X'^'^'^'^-^'^ for all 
Xe{0,Xg); 

(iii) lim_)j_j.o+ X'^'^^^^^ Hij{X) exists and is finite. 

Proof. From Lemma O (i) , (11001), (1103), (SOU), we obtain that 

/o ^0 
Aflj{s)ds^ V2{s)ds;? -S{N -1 + S)X for aU A € (0, fc) 
-A J~\ 



where 1^2 is defined in (|202p . and then 

Afu{-X) N -1 + S{N -1 + S)X for all A G (0, k), 
which, together with ()209p . yields 

= -^Mu{-X) ^ J^Sl-A 26{N -1 + S) for all A G (0, ~k). 
tLu[A) A A 

Integration of the above inequality between A and k proves estimate (i). 
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From Lemma 16.21 (i) , for any p > there exists Ag > such that Mu (r) > — 1 — p for any 
r G (— Ag,0) and hence 

. _1X.(-A) < t„r.l,Ac(0,A,)^ 

Integration over the interval (A, Ag) yields (ii). 

In view of (i), to prove (iii) it is sufficient to show that the limit exists. From (j209p . Lemma 
(i), and ([MH) it follows that 



d_ 

dX 

= 2A2^-3^c;(A) / N{j{s)ds^2\^^-^Hu{\) i {ui{s) + v^{s))ds 

where vi and V2 are defined in (j20ip and (|202p respectively. By integration of the above identity 
we obtain that, for all A € (0, fc), 

(220) A2(^-i)i/c,(A)-p(^-i)i/c/(fc) --2^%2W-3i/c/(.s)(^y"° vi{t)dt^ds 

- 2 j^^ s'^^'-^Huis) z^2(t) d?j ds. 

From (pgg)) the limit 

^lim^ J s^^-^Hu {s)(^J vi [t) d?j ds 
exists. On the other hand from (i) and (|204p it follows that 



^^~^Hu{s) j° V2{t) d?j = 0(1) as s ^ 0+ 



(221) s 

thus proving in particular that s i-^ s^^~^_ff[/(s) ( /^^ '^2{t) dt) e L^{0, k). We conclude that both 
terms at the right hand side of (|220p admit a limit as A — >■ 0+, the second one being finite in view 
of ()22ip . thus completing the proof of the lemma. □ 

Lemma 6.4. Let U be as in Provosition \6.1[ Yi as in ([TU)) . and let Hu : (0,+cx)) — >■ ffi 6e defined 
in (fT97)) . Then 

(i) / U{Xe)Yi{9)da{9) 



= A 



l-JV 



_ t/(x)ri(^) dx - pix)U{x)Y,ijlj)[\x\Xs- (x) + ^^^^^)dx 

+ 0(A3-^) as\^0+, 



(ii) lim X^^^-^^Hu{X) > 0. 
Proof. Let us define, for aU A > 0, 

m(A)=/ U{Xe)Y,{e)da{e), ^{X)^Xk,{D+) j p{X9)U{Xe)Yi(0)d<j(9). 

From p89p yu satisfies 



Hence there exist ci , C2 G M such that 



m"(A) - ^A^'(A) + -^KX) = ,{X), in (0, +oo). 



(222) p(A) = A (^ci + ^ y ^(i)dt^ + Ai-^ [c2-^ t^<;{t)dt^ for all A G (0, +oo). 
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Since p G L^/2(M^) and U e ensure that "^""^^pYit^^"^^ G L^{n^i) for all a G [0, f ) and, 
for all A > 1, 

we deduee that J^t"(^{t)dt admits a finite limit and t°'\(i(t)\dt = 0(1) as A ^ +oo for every 
a G [0, -j). In particular (^(t)dt admits a finite limit as A — > +oo and 

/ t^<;{t)dt [ t^-h\<;{t)\dt^X'^-^ [ t\<;{t)\dt ^ 0{X^~^) as A ^ +oo. 
J\ Ji Ji 



Hence from (12221) we deduce 



+ C30 



(223) ^ ^[^^^ J W'^* + o(l) j + 0(1) as A ^ +oo. 

Since U G 'H^ yields J^°° t^~^|/i(t)p < +oo, (j223p necessarily implies that ci = <;{t)dt. 
Then ((^^ becomes 

(224) /^(A) = ^ y ?(i)'^^ + ^^"^ ("^2 - ^ y" t^<r(t)dtj for aU A G (0, +oo). 
The above formula at A = 1 yields 



(225) C2 - /i(l) - ^ y ^(t)dt - y^_^ t/(e)>^i(^) da(0) - ^^^^ y 



(i.T. 



Since 



k(A)| ^ Afe„(I?+)supHVifc/(A) forall AG (0,1), 

from Lemma 16.31 (i) we deduce that 

^(A) = 0(Ai-^) as A ^ 0+. 

Hence 



A 



+00 



(226) j- I ^{t)dt^O{X^-^) asA->0+, 
t^'^it) G i^O, 1), and t^c^it) = 0(t) as t 0+, so that 

(227) t^^(t)dt [ t'^.m + 1 i^,(t)dt 



Afco(i^^ 
N 



\x\p{x)U{x)Yi{^)dx + CI(A2) as a ^ 0^ 



Combining (j224H227"|) we obtain statement (i). 

To prove (ii), let us assume by contradiction that lim;)j_j.o+ X^'-^"'^'' Hu{X) = 0. Since, by 
Schwarz's inequality, Hu{X) = /§«-! U'^{X9) da{0) ^ |/x(A)p, it would follow that 



lim X^-^niX) = 0. 

A->0+ 



Hence (i) would imply that 

U{x)Y,{^) dx ~ p{x)U{x)Y,{^)(\x\X^-{x) + ^^^)dx = 



and 

U{Xe)Yi (0) da{0) = 0(A3~^) as a ^ 0^ 
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Therefore, letting as in (j207p and using Lemma [6.31 fii) with p < 2, we obtain that 
(228) / U^{e)Yi{0) da{e) ^ 0{X^-<') as A ^ 0+. 



From Lemma [6.21 (ii), for every sequence A„ —J- 0+ there exist a subsequence {\nk}k and some 
constant c G R \ {0} such that 

(229) C/^"*- -> cYi in L^{^1-^). 

From and ((^^ we infcr that 



= hm / (6')Yi(6l) da{e) = c / Yi''(6') da{d) = c 

thus reaching a contradiction and proving statement (ii). □ 
Proposition 6.5. Let U he as in Provosition \6. 1\ Then 



strongly in Ti.^ for every t > and in C'^{B^^ \ S(~) for all < ti < t2, where 

Ir- U{x)Y,ij^)dx-^^^J^_pix)Uix)Y^{j^){\x\X^-ix) + ^^§^^)dx ^ 

Tat 

and Tn is defined in (jlip . 

Proof. Let {A„}„gN C (0, +oo) such that hm„_^+oo A„ = 0. Then, from part (ii) of Lemma Wl2\ 
and part (ii) of Lemma [6.4[ there exist a subsequence {A„j.}fegN and some constant /3 e M \ {0} 
such that 

(231) XZr'UiX^J)^^ (3^ 



k^+oo \x\^ 



strongly in "Hj for every t > and in C [B^,^ \ B^^) for all < ti < i2- In particular 



\Z,U{K,e) — ^ pOi inC2(§^^-i) asfc->+oo. 

fc— 5. + 00 



\N-lrTi\ a\ I QQ ;„ r'2(^N-l 

From Lemma [63 

v7V-l 



lim A^-i / U{\nJ)Ymda{e) 



U{x)Y,{^)dx~^^^ / p[x)U{x)Y,{^)(\x\Xj,-{x) + ^^§;^)dx, 

i 1 -ID 

thus implying that 

_ /r- t/(x)yi (^) - ^_ p(a;)[/(x)yi (^) (|x|X^- (:.) + 

^~ /g«-.0iyi(0)da(0) 

/r- U{x)Y,{f^)dx^^^^j-^_p{x)U{x)Y,{^)(\x\X^-{x) + 

Hence we have proved that j3 depends neither on the sequence {A„}„gN nor on its subsequence 
{ArifclfeGN, thus implying that the convergence in (|231[) actually holds as A — > 0+ and proving the 
proposition. □ 

The following lemmas investigate the sign of the /3 in (|230p , thus allowing the study of the nodal 
properties of close to the left junction. 

Lemma 6.6. Let U be as in Provosition \6. 1\ and P ^ Q as in (j230p . If P > (respectively /3 < 0) 
then there exists R > such that 

for every r G (0, R) there exists Sr > such that 

Ue < (respectively > 0) in for all e G (0,6^)- 
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Proof. Let us prove the lemma under the assumption /? > (under the assumption /? < the 
argument is exactly the same). Wc claim that 

(232) there exists R>0 such that U <0m B]^. 



To prove (j232p . let us assume by contradiction that there exist A„ 0"*", 6'„ £ S;'^ ^, 6 ^ 'S'^ ^ 
such that 9n and U{\n9n) ^0. If ^ € S;'^^^ then from Proposition 16.51 we obtain that 

^ A^-iC/(A„0„) = (a^-1C/(A„0„) - p{9n)i) + P{On)i = I39i + o(l) as n ^ +oo 

which yields a contradiction. On the other hand, if ^ G d^^^^ , i.e. if 9i ~ 0, then, letting s > 
sufficiently small to have |a;|^ - N\x\'^^'^x\ > c > for aU x e As := {x G \ B:[^^ : xi > -s}, 
we have that {j-,9'^) £ Ag for all t e (A„(6'„)i,0) and n large. Since from Proposition 16.51 

A^^(Aa;) ^ P^-^^-^j^^f^ in C^Ts), we deduce that ^(A„a;) > for ah x e As and n 
large. Hence 

t/(A„0„) = -/ —{t,X„9'Jdt<0 
"'A,.(e„)i C^;! 

thus giving a contradiction. Claim (j232p is thereby proved. It remains to prove that 

(233) for every r G (0, R) there exists > such that it^ < in P^ for all e G (0, e^). 

To prove (|233p . let us assume by contradiction that there exist r G (0, i?), £„ 0+, 0„ G 

9 G §^~^ such that 9n ^ 9 and Me,.(r6l„) ^ (and hence C/£(r6'„) ^ 0). If G S^"^ then from 
Proposition 16. II it follows that 

< U,^ir9„) = (U,jr9n) - C/(r0„)) + C/(r0„) = (7(r^) + o(l) as n ^ +oo 

which contradicts On the other hand, if ^ G 9§^"\ then by Hopf's Lemma §^ir9) > 0. If 

t G (?'(0n)i,O), Proposition 16.11 vields 



(9x1 " " V ^2:1 ' ' ax/' "7 5x1 " 5x1 

as n — > +00, so that 

provide n is sufficiently large. Therefore 

f" af/ 

U,^ir9„)=- —^it,r9'„)dt<0 

leads to a contradiction proving claim (|233p . □ 
In fact, condition forces the sign of /3 to be negative, as we show below. 
Lemma 6.7. Let U be as in Provosition \6. 1\ and /3 7^ as in (j230|) . Then 

/3 < 0. 

Proof. Let us assume by contradiction that /? > 0. From Lemma [6.61 for every n (sufficiently 
large), there exists e„ G (0, l/n) such that 

(234) Me„ < on r7/„. 

Let us denote uj^ := max{0, — itg^}. From Lemma [2.131 uj^ = on dilY^2e„- Therefore, letting 

Ue„, in fJ_i/„, 
-uj^, in f^iq_2e„ \ f^-l/n, 



0, in \ nl 



-2e„ ' 



((2341) ensures that u„ G V^'^ifll^^^J C I?^'^(K^''), w„ ^ in D" 
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Testing equation — Au^ = \\"pu^ with w„, we obtain f„e„ |Vu„Pc?x = Af" f„e„ pv'idx, 
hence, defining 



we have that w„ e X>i'2(r2^q_2e„) C pi^^^RW-)^ 

pw^dx = I puy^dx = 1, f \\/wn\^dx — j \\/Wn\'^dx = A|" 



Hence is bounded in 2?^'^(R^) and there exists a subsequence such that Wn^ ^ w 

weakly in I?^'2(]R^) and Wn^^ w a.e. in M^, for some w € X>i'2(R^). Since suppw„ C f^i+2e„' 
a.e. convergence imphes that suppw C D~ so that w € 'D^'^(D~). From J^^,^ pw'^dx = 1 we 
deduce that pw^dx = 1 which imphes that w ^ 0. Since ix;„ solves 

{-Aw„ = Xl"pwn, in f2_i/„, 
m;„ = 0, on 9r2_i/„ n 9Z)~, 

weak convergence and ([6]) imply that w weakly solves 

i-Aw = \koiD+)pw, inD^, 
]w = 0, on dD~ , 

thus implying Xk„{D^) G <7p{D^) and contradicting assumption □ 

The proofs of the main results of the paper follow by combining the previous results. 

Proof of Theorem 11.21 It follows by combining Propositions 16.11 16.51 and Lemma 16.71 □ 



Proof of Corollary 11.31 It follows from Lemmas 16.61 and 16.71 □ 
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